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Ò å î ð å ì à 3. Äëÿ òîãî, ÷òîáû ðåøåíèå x : [a, c) → Rn çàäà÷è (1)− (3) áûëî ïðîäîëæàåìûì
íà [a, τ ], (τ ∈ [c, b]), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû lim

t→c−0
|x(t)| < ∞.

Ò å î ð å ì à 4. Åñëè y � ðåøåíèå çàäà÷è (1) − (3) íà [a, τ ], τ ∈ (a, b], òî ñóùåñòâóåò
íåïðîäîëæàåìîå ðåøåíèå x çàäà÷è (1)− (3), îïðåäåëåííîå ëèáî íà [a, c) (c ∈ (τ, b]), ëèáî íà [a, b]
òàêîå, ÷òî ïðè âñåõ t ∈ [a, τ ] âûïîëíåíî ðàâåíñòâî x(t) = y(t).
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Abstract: The problem of extendability of solutions for a functional-di�erential inclusion with lower semi-
continuous Volterra operator (in the sense of Tikhonov) is considered.
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Êëþ÷åâûå ñëîâà: êîìïüþòåðíàÿ àëãåáðà; äèñêðåíòíîå ïðåîáðàçîâàíèå Ôóðüå; áûñòðîå ïðåîáðàçîâàíèå
Ôóðüå; òåîðèÿ àëãîðèòìîâ.

Àííîòàöèÿ: Ðàññìàòðèâàåòñÿ ñïîñîá âû÷èñëåíèÿ äèñêðåíòíîãî ïðåîáðàçîâàíèÿ Ôóðüå äëÿ ïîëèíîìîâ
ìíîãèõ ïåðåìåííûõ â êîëüöå Zp[x1, x2, . . . , xn]. Ïîëó÷åíû òåîðåòè÷åñêèå îöåíêè ñëîæíîñòè èçëîæåííîãî
ïîäõîäà.

Ïóñòü f ∈ Zp[x1, x2, . . . , xd], p � ïðîñòîå ÷èñëî. Ïóñòü íàèáîëüøàÿ ñòåïåíü ïåðåìåííîé xi â
ïîëèíîìå f ðàâíà ni − 1, ni = 2Ni . Îáîçíà÷èì n = n1n2 . . . nd. Òîãäà ïîëèíîì f ìîæíî çàïèñàòü
â âèäå:

f =
n1−1∑

i1=0

n2−1∑

i2=0

. . .

nd−1∑

id=0

fi1i2...inxi1
1 xi2

2 . . . xid
d

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû "Ðàçâèòèå ïîòåíöèàëà âûñøåé øêîëû" (ïðîåêò 2.1.1/1853).
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Ïóñòü ïðîñòîå ÷èñëî p òàêîå, ÷òî êàæäîå èç ÷èñåë ni äåëèò p−1. Òîãäà âZp ñóùåñòâóåò êîðåíü
èç 1 ñòåïåíè ni, êîòîðûé áóäåì îáîçíà÷àòü ωi. Ââåäåì îïðåäåëåíèå äèñêðåòíîãî ïðåîáðàçîâàíèÿ
Ôóðüå ïîëèíîìà f .

Î ï ð å ä å ë å í è å: Äèñêðåòíûì ïðåîáðàçîâàíèåì Ôóðüå (ÄÏÔ) äëÿ ïîëèíîìà f íàçûâàåòñÿ
d-ìåðíàÿ òàáëèöà ÷èñåë F(f) = (f̂j1...jd

), ãäå 1 6 j1 6 n1, 1 6 j2 6 n2, . . . 1 6 jd 6 nd, ãäå

f̂j1j2...jd
=

n1−1∑

i1=0

n2−1∑

i2=0

. . .

nd−1∑

id=0

fi1i2...inωj1i1
1 ωj2i2

2 . . . ωjdid
d . (1)

Ïðàâàÿ ÷àñòü (1) ñîäåðæèò n ñëàãàåìûõ. Â ëåâîé ÷àñòè íàõîäèòñÿ ýëåìåíò d-ìåðíîé òàáëèöû,
âñåãî òàêèõ ýëåìåíòîâ n. Ñëåäîâàòåëüíî, îáùåå ÷èñëî îïåðàöèé äëÿ âû÷èñëåíèÿ ÄÏÔ ïîëèíîìà
f áóäåò O(n2). Ðàññìîòðèì ñïîñîá áûñòðîãî âû÷èñëåíèÿ äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå.

Çàïèøåì ôîðìóëó (1) â âèäå:

f̂j1j2...jd
=

nd−1∑

id=0

ωjdid
d

nd−1−1∑

id−1=0

ω
jd−1id−1

d−1 . . .

nk−1∑

ik=0

ωjkik
k . . .

n1−1∑

i1=0

fi1i2...idω
j1i1
1 .

Ïðè ôèêñèðîâàííûõ ïàðàìåòðàõ i2, . . . , id âûðàæåíèå

F 1
j1,i2,i3,...,id

=
n1−1∑

i1=0

fi1i2...idω
j1i1
d

� j1-é ýëåìåíò îäíîìåðíîãî äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå íà n1 òî÷êàõ, êîòîðîå ìîæåò áûòü
ïîñ÷èòàíî ïî àëãîðèòìó Cooley-Tukey [1] çà O(n1 log2 n1) îïåðàöèé.

Îáîçíà÷èì

F k+1
j1,...,jk+1,ik+2,...,id

=
nk+1−1∑

ik+1=0

F k
j1,...,jk,ik+1...id

ω
jk+1ik+1

d .

Ïðè ïîñëåäîâàòåëüíîì âû÷èñëåíèè F1, F2, . . . , Fd ýëåìåíò Fd áóäåò ñîäåðæàòü ÄÏÔ ïîëèíîìà
f .

Îöåíèì ñëîæíîñòü òàêîãî ñïîñîáà âû÷èñëåíèé.
Íà øàãå k+1 äëÿ êàæäîãî íàáîðà j1, . . . jk+1, ik+2, . . . id âû÷èñëÿåòñÿ îäíîìåðíîå ïðåîáðàçîâà-

íèå Ôóðüå íà nk+1 òî÷êàõ, èñïîëüçóÿ â êà÷åñòâå âõîäíûõ äàííûõ ðåçóëüòàò âû÷èñëåíèé íà øàãå
k. Íà øàãå k + 1 áóäåò âû÷èñëåíî n/nk+1 îäíîìåðíûõ ïðåîáðàçîâàíèé Ôóðüå.

Ñëîæíîñòü òàêîãî ñïîñîáà âû÷èñëåíèé áóäåò âûðàæàòüñÿ

d∑

k=1

O(
n

nk
nk log2 nk) = O(n log2 n).

Àñïåêòû ïðîãðàììíîé ðåàëèçàöèè ìíîãîìåðíîãî ÄÏÔ è åãî ïðèìåíåíèå äëÿ îïåðàöèé ñ ïî-
ëèíîìàìè áóäóò ïðåäñòàâëåíû â äîêëàäå.
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Abstract: The method of computation of descrete Fourier transform for polynomials of many variables over
the ring Zp[x1, x2, . . . , xn] is considered. Theoretical complexity of the stated approach is provided.

Keywords: computer algebra; descrete Fourier transform; fast Fourier transform; theory of algorithms.
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Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå; ôóíêöèÿ Êîøè; ñèñòåìà àâòîìàòè-
÷åñêîãî ðåãóëèðîâàíèÿ; óñòîé÷èâîñòü.

Àííîòàöèÿ: Ïðåäëàãàþòñÿ äîñòàòî÷íûå óñëîâèÿ ïîëîæèòåëüíîñòè ôóíêöèè Êîøè è ôóíäàìåíòàëüíî-
ãî ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà ñ çàïàçäûâàþùèì àðãóìåíòîì; ýòè óñëîâèÿ
èñïîëüçóþòñÿ äëÿ ïîëó÷åíèÿ ïðèçíàêîâ óñòîé÷èâîñòè ðåøåíèé óðàâíåíèÿ, îïèñûâàþùåãî äèíàìèêó ñè-
ñòåìû àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ.

Ìíîãèå ïðîöåññû, ïðîòåêàþùèå â ðåàëüíûõ ñèñòåìàõ, íå ìîãóò áûòü àäåêâàòíî îïèñàíû îáûê-
íîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè. Âñå áîëåå àêòóàëüíûìè â ïîñëåäíåå âðåìÿ ñòà-
íîâÿòñÿ òàêèå ïðèêëàäíûå çàäà÷è, â êîòîðûõ òðåáóåòñÿ ó÷èòûâàòü îäíî èç ôóíäàìåíòàëüíûõ
ñâîéñòâ ëþáûõ ðåàëüíûõ ñèñòåì è îáúåêòîâ � çàïàçäûâàíèå. Çàïàçäûâàíèå îáóñëîâëåíî êàê íåîá-
õîäèìîñòüþ ïåðåäà÷è ñèãíàëà, ýíåðãèè èëè âåùåñòâà âî âðåìåíè, òàê è òåì îáñòîÿòåëüñòâîì, ÷òî
íà ñáîð è îáðàáîòêó èíôîðìàöèè, à òàêæå íà ïðèíÿòèå ðåøåíèé, íàïðèìåð â ñèñòåìàõ àâòîìàòè-
÷åñêîãî ðåãóëèðîâàíèÿ, òðåáóåòñÿ îïðåäåëåííîå âðåìÿ [1, 2]. Äëÿ ìàòåìàòè÷åñêîãî îïèñàíèÿ òà-
êîãî ðîäà ñèñòåì è îáúåêòîâ âñå áîëüøåå ïðèìåíåíèå íàõîäÿò äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ çà-
ïàçäûâàþùèì àðãóìåíòîì, ÿâëÿþùèåñÿ àêòóàëüíûìè ïðåäñòàâèòåëÿìè êëàññà ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûõ óðàâíåíèé (ÔÄÓ), êîòîðûå â ëèíåéíîì ñëó÷àå ìîæíî çàïèñàòü â âèäå

(Lx)(t) = f(t), t ∈ [a,∞), (1)

ãäå L : ACn → Ln� ëèíåéíûé îãðàíè÷åííûé îïåðàòîð (çäåñü ACn� áàíàõîâî ïðîñòðàíñòâî
àáñîëþòíî íåïðåðûâíûõ ôóíêöèé x : [a,∞) → Rn, Ln� áàíàõîâî ïðîñòðàíñòâî ñóììèðóåìûõ
íà êàæäîì êîíå÷íîì îòðåçêå [a, b] ⊂ [a,∞) ôóíêöèé z : [a,∞) → Rn).
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