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Êëþ÷åâûå ñëîâà: ðåêîíñòðóêöèÿ; âñïîìîãàòåëüíàÿ óïðàâëÿåìàÿ ñèñòåìà-ìîäåëü.
Àííîòàöèÿ: Ðàññìàòðèâàåòñÿ çàäà÷à óñòîé÷èâîé äèíàìè÷åñêîé ðåêîíñòðóêöèè íåèçâåñòíûõ õàðàêòåðè-

ñòèê â ñèñòåìàõ âòîðîãî ïîðÿäêà. Óêàçûâàåòñÿ îðèåíòèðîâàííûé íà ðàáîòó â ðåàëüíîì âðåìåíè àëãîðèòì,
îáëàäàþùèé ñâîéñòâàìè äèíàìè÷íîñòè è óñòîé÷èâîñòè: ïåðâîå èç íèõ îçíà÷àåò, ÷òî òåêóùèå çíà÷åíèÿ
ïðèáëèæåíèÿ âõîäà âûðàáàòûâàþòñÿ â ¾â ðåàëüíîì âðåìåíè¿, à âòîðîå � ÷òî ïðèáëèæåíèå ñêîëü óãîäíî
òî÷íî ïðè äîñòàòî÷íîé òî÷íîñòè íàáëþäåíèÿ.

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà

ẋ1 = x2, (1)

ẋ2 = −2lp1x2 − ω2p2x1 + u(t)

ñ íà÷àëüíûì óñëîâèåì x(t0) = x0, ẋ(t0) = x10. Ïðåäïîëàãàåòñÿ, ÷òî ïîñòîÿííûå l è ω èçâåñòíû. Íà
ñèñòåìó äåéñòâóåò óïðàâëåíèå � èçìåðèìàÿ ïî Ëåáåãó ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ u(t) ∈
∈ P = [−f, f ], t ∈ T . Çäåñü f = const ∈ (0, +∞). Ýòî óïðàâëåíèå, òàêæå êàê è ñîîòâåòñòâóþùåå
åìó ðåøåíèå ñèñòåìû (1), íåèçâåñòíî. Â äèñêðåòíûå, äîñòàòî÷íî ÷àñòûå ìîìåíòû âðåìåíè ∆h =
= {τi,h}mh

h=0, τi+1,h = τi,h + δ(h), τ0,h = t0, τmh,h = ϑ èçìåðÿþòñÿ ñ îøèáêîé âåëè÷èíû x(τi).
Ðåçóëüòàòû èçìåðåíèé � ÷èñëà ξh

i � óäîâëåòâîðÿþò íåðàâåíñòâàì

|x(τh
i )− ξh

i | 6 h,

ãäå h ∈ (0, 1) � óðîâåíü èíôîðìàöèîííîãî øóìà, ñèìâîë |a| îçíà÷àåò ìîäóëü ÷èñëà a. Òðåáóåòñÿ
óêàçàòü àëãîðèòì, ïîçâîëÿþùèé âîññòàíàâëèâàòü (ñèíõðîííî ñ ðàçâèòèåì ïðîöåññà) íåèçâåñòíóþ
ñêîðîñòü èçìåíåíèÿ êîîðäèíàòû x(t) (òî åñòü ẋ(t)) è íåèçâåñòíîå âõîäíîå âîçìóùåíèå u(t).

Îäèí èç ïîäõîäîâ ê ðåøåíèþ ðàññìàòðèâàåìîé çàäà÷è áûë ðàçâèò â ðàáîòàõ [1, 2]. Â ñîîò-
âåòñòâèè ñ ýòèì ïîäõîäîì ñèñòåìå (1) ñîïîñòàâëÿåòñÿ íåêîòîðàÿ èñêóññòâåííî ñìîäåëèðîâàííàÿ ñ
ïîìîùüþ êîìïüþòåðà óïðàâëÿåìàÿ ñèñòåìà M (ìîäåëü) ñ ôàçîâîé òðàåêòîðèåé wh(t) è óïðàâëå-
íèåì uh(t). Çàòåì óêàçûâàåòñÿ ïðàâèëî ôîðìèðîâàíèÿ óïðàâëåíèÿ â ìîäåëè ïî ïðèíöèïó îáðàò-
íîé ñâÿçè. Ýòî ïðàâèëî âûáèðàåòñÿ òàêèì îáðàçîì, ÷òî âûõîä wh(t) èëè óïðàâëåíèå uh(t) ìîäåëè
¾ïðèáëèæàåò¿ íåèçâåñòíûå âåëè÷èíû ẋ(t), u(t). Ñåìåéñòâî ðàçáèåíèé ∆h èíòåðâàëà [t0, ϑ] ïðåä-
ïîëàãàåì ôèêñèðîâàííûì. Èòàê, çàäà÷à ñîñòîèò â ñëåäóþùåì.

Ç à ä à ÷ à. Òðåáóåòñÿ óêàçàòü äèôôåðåíöèàëüíûå óðàâíåíèÿ ìîäåëè M

ẇh(t) =
{

uh
i1,−p1u

h
i1 − p2ξ

h
i + uh

i2

}
, ïðè t ∈ δi,h = [τi,h, τi+1,h), τi = τi,h, (2)

wh(t0) = wh
0 , wh(t) ∈ R2, wh = {wh

1 , wh
2} ∈ R2

è ïðàâèëî âûáîðà óïðàâëåíèé uh
i â ìîìåíòû τi

U :
{

τi, ξ
h
i , wh(τi)

}
→ uh

i =
{

uh
i1, u

h
i2

}
∈ R2 (3)

1Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò �09�01�00378), Ïðîãðàììû Ïðåçè-
äèóìà ÐÀÍ ¾Ìàòåìàòè÷åñêàÿ òåîðèÿ óïðàâëåíèÿ¿ è Óðàëî-Ñèáèðñêîãî èíòåãðàöèîííîãî ïðîåêòà.
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òàêèå, ÷òî èìåþò ìåñòî ñõîäèìîñòè

ϑ∫

t0

∣∣∣uh
1(t)− ẋ(t)

∣∣∣
2
dt → 0,

ϑ∫

t0

∣∣∣uh
2(t)− u(t)

∣∣∣
2
dt → 0 ïðè h → 0. (4)

Çäåñü uh(t) =
{
uh

1(t), uh
2(t)

}
, uh

1(t) = uh
i1, uh

2(t) = uh
i2 ïðè t ∈ δi,h.

Ïóñòü èçâåñòíî ÷èñëî K ∈ (0, +∞) òàêîå, ÷òî êàæäîå ðåøåíèå (xu(t), ẋu(t)) (u ∈ P (·) =
= {u(·) ∈ L2(T ; R) : u(t) ∈ P äëÿ ï.â. t ∈ T}) óðàâíåíèÿ (1) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì

max
t06t6ϑ

|xu(t)| 6 K, sup
t06t6ϑ

|ẋu(t)| 6 K. (5)

Ââåäåì íåêîòîðóþ ôóíêöèþ α(h) : (0, 1) → R+ = {r ∈ R : r > 0} ñî ñâîéñòâàìè

α(h) → 0, δ(h) 6 h, h1/6/α(h) → 0 ïðè h → 0.

Ïóñòü íà÷àëüíîå ñîñòîÿíèå ìîäåëè wh
0 = (x0, x10), à óïðàâëåíèÿ â ìîäåëè íàõîäÿòñÿ ïî ôîðìóëàì

uh
i1 =

{ −βih
2/3, åñëè |βi| 6 Kh2/3,

−Ksignβi, åñëè |βi| > Kh2/3,
(6)

uh
i2 =




−β

(1)
i α−1(h), åñëè

∣∣∣β(1)
i

∣∣∣ 6 α(h)f,

−fsignβ
(1)
i , åñëè

∣∣∣β(1)
i

∣∣∣ > α(h)f.
(7)

Çäåñü ÷èñëî K îïðåäåëåíî â (5), τi = τi,h, βi = wh
1 (τi)− ξh

i , β
(1)
i = wh

2 (τi)− uh
i1.

Îïèøåì ïðîöåññ ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è. Ðàáîòà àëãîðèòìà íà÷èíàåòñÿ â ìîìåíò
t0 è ðàçáèâàåòñÿ íà mh−1 èäåíòè÷íûõ øàãîâ. Äî ìîìåíòà t0 ôèêñèðóþòñÿ � âåëè÷èíà h ∈ (0, 1),
ôóíêöèÿ α = α(h), ðàçáèåíèå ∆ = ∆h è ìîäåëü (2). Çàòåì îðãàíèçóåòñÿ ïðîöåññ óïðàâëåíèÿ ïî
ïðèíöèïó îáðàòíîé ñâÿçè ìîäåëüþ M ñèíõðîííî ñ ðàçâèòèåì ïðîöåññà ôóíêöèîíèðîâàíèÿ ñè-
ñòåìû (1). Âî âðåìÿ i-ãî øàãà íà ïðîìåæóòêå âðåìåíè δi,h = [τi,h, τi+1,h) ïðîèñõîäèò ñëåäóþùåå.
Ñíà÷àëà âû÷èñëÿåòñÿ óïðàâëåíèå â ìîäåëè uh(τi,h) ïî ôîðìóëàì (6), (7). Ïîñëå ýòîãî ïåðåñ÷è-
òûâàåòñÿ ôàçîâîå ñîñòîÿíèå ìîäåëè: ê ðàíåå èçâåñòíîìó îòðåçêó òðàåêòîðèè wh(t), t ∈ [t0, τi]
äîáàâëÿåòñÿ îòðåçîê, ïîëó÷åííûé íà âðåìåííîì èíòåðâàëå (τi, τi+1]. Íà ñëåäóþùåì øàãå âñå îïå-
ðàöèè ïîâòîðÿþòñÿ. Àëãîðèòì çàêàí÷èâàåò ðàáîòó â ìîìåíò ϑ.

Ñõîäèìîñòü àëãîðèòìà óñòàíàâëèâàåòñÿ â ñëåäóþùåé òåîðåìå.
Ò å î ð å ì à. Åñëè óðàâíåíèÿ ìîäåëè âûáðàíû â âèäå (2), çàêîí óïðàâëåíèÿ � â âèäå (3), (6),

(7), òî èìåþò ìåñòî ñõîäèìîñòè (4).
Îïèñàííûé âûøå àëãîðèòì ëåãêî ìîäèôèöèðóåòñÿ äëÿ íåêîòîðûõ êëàññîâ ñèñòåì îáûêíîâåí-

íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé òðåòüåãî ïîðÿäêà.
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Abstract: The problem of stability of unknown characteristics dynamic reconstruction in systems of second

order; the focused at real-time work algorithm, possessing dynamic and stability properties: the �rst means,
that present input values produce "in real-time", the second � that approximation is such precise as precise the
supervision.
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Àííîòàöèÿ: Íà ïðèìåðå íåðàâåíñòâà Âèðòèíãåðà ðàññìàòðèâàåòñÿ ïðèìåíåíèå ìåòîäîâ, ðàçðàáîòàí-
íûõ Ïåðìñêèì ñåìèíàðîì ïî ÔÄÓ, ê äîêàçàòåëüñòâó èíòåãðàëüíûõ íåðàâåíñòâ.

Ïðè èññëåäîâàíèè íåðàâåíñòâà Âèðòèíãåðà [2, ñ. 245]
π∫

0

x2(t)dt 6
π∫

0

ẋ2(t)dt,

π∫

0

x(t)dt = 0 (1)

óäîáíî ðàññìîòðåòü âàðèàöèîííóþ çàäà÷ó â H1 = H1[a, b], ïðîñòðàíñòâå ôóíêöèé, ÷üÿ âòîðàÿ
ïðîèçâîäíàÿ ïðèíàäëåæèò ïðîñòðàíñòâó L2 = L2[a, b], êâàäðàòè÷íî ñóììèðóåìûõ ôóíêöèé:

Φx =

b∫

a

(
ẋ2(t)− p(t)x2(t)

)
dt → min,

b∫

a

x(t)dt = 0. (2)

Åñëè ýòà çàäà÷à èìååò ðåøåíèå, òî çíà÷åíèå ìèíèìóìà ôóíêöèîíàëà ðàâíî 0.
Îáîçíà÷èì ÷åðåç D = D[a, b] =

{
x ∈ H1[a, b] | ∫ b

a x(t)dt = 0
}
, AC = AC[a, b] - ïðîñòðàíñòâî

àáñîëþòíî íåïðåðûâíûõ ôóíêöèé. Ñëåäóÿ ïîäõîäó, ðàçðàáîòàííîìó Ïåðìñêèì ñåìèíàðîì [1],
ñâåä¼ì ðàññìàòðèâàåìóþ ïðîáëåìó ê çàäà÷å â L2[a, b] ñ ïîìîùüþ ïîäñòàíîâêè, îïðåäåëÿþùåé
âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó ïðîñòðàíñòâàìè D è L2 (x ∈ D, z ∈ L2):

ẋ(t) = z(t),

b∫

a

x(t)dt = 0, (3)

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ � 07-01-96060.
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