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Abstract: On Virtinger’s inequality as an example it is considerated using techniques, developed by Perm
FDE seminar, to proof of integral inequalities at this article.
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Abstract: For a wide class of resonance boundary value problems for scalar functional differential equations
with positive operators necessary and sufficient conditions of the unique solvability are obtained.

Periodic boundary value problems for different functional differential equations have attracted great
attention during recent years (see [1-3] and lists of references). On the basic of the results of 2| some
conditions of solvability for periodic problems were obtained in terms of maxima and minima of some
polynomials. The optimality of solvability conditions and a recurrence relation for these maxima and
minima were proved for all orders n only for some additional suppositions.

Here necessary and sufficient conditions of uniquely solvability for some classes of resonance boundary
value problems (including periodic ones) are obtained.

Consider the boundary value problem for a linear scalar equation:

2(t) = (TFa)(t) = (T72)(t) + f(t), te[0,1], (1)

bx=c,i=1,...,n—1, flpx= x("_l)(O) - x(”_l)(l) = Cp, (2)

wheren > 2;¢; € R, i=1,...,n; f € L[0,1]; the linear operators T+/~ : C[0,1] — L[0, 1] are positive;

the functionals
n—1

tiz=3" (Aij:c(j)(o) + Bijx@(l)) Li=1,...,n—1, (3)
=0
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are such that {x(t) = ¢, ¢ € R} is the set of all solutions of the problem (™ =0, f;z =0,i=1,...,n

We will say that the prob:em is resonance since for Tt ==0,f=0,¢=0,i=1,...,n, the problem
has nontrivial solutions.
Denote by G(t, s) the Green function of the problem z(™ = f. f;z = =1,....,n—1,2(0)=0.

Let the constants M,, n > 2, be defined by the equalities

M, = G(t1,51) — G(ta, 1)) — min (G(t1,s2) — G(ta, .
5 (o G000 = Gt 0) = iy (Gt <282>>)

Theorem 1. Let nonnegative numbers T+ # T~ be given. Boundary value problem (1)—(2) is
uniquely solvable for all positive operators T/~ : C[0,1] — L[0,1] such that

1
/T+/ 1)(s)ds = T+/~,
0

if and only iof
Y
1_y§X<2(1+\/1—Y), Y <

where X = M, max(7+t,77), Y = M, min(7+,7 7).

R em ark 1. The results of Theorem 1 are valid for much more general boundary conditions than
(3) for some additional suppositions.

For the periodic problem for the n-th order equation we have: M,, = |G(3, 3)| if n is even, M, =
=2|G(3, 1)] if n is odd, where G(t, s) is the Green function of the problem

>~ w

)

204
™ = f 200)=0, 1) =0, 290)=2D1), i=1,...,n—2.

Moreover, the constants M, coincide with the constants computed in [2] and possess the following

properties:
En1
m n _
Mn _ Fn—l _ (—1) 747171 (n — 1)', n=2m+ 1,

1
(—1)™ 141 — o) B, n = 2m,

2k+1

numbers, Fy, are the Euler numbers;
for even numbers n

4 o] (71>k n+1
where F), Z < ) are the Favard constants [4, D. 27, P. 385], B, are the Bernoulli

405 0
(27-[-)1171 ’

where C), » are the «Stechkin constants» [4, D. 30, P. 385];
the sequence {M,,} satisfies the following recurrent equalities

M, =

n
8n Myy1 = ZMan—i-l—ka M, =1,
k=1

therefore, the sequence {M,,} has a simple generating function
ZMnm o ta(t/4), 1] <2
cos(t/4)
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An

Mn+2 == 4471_’_1(” i 1)|7

where A,, are the numbers of up-down permutations of the numbers {0,1,...,n} (see, for example,

[51)-
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Awnnoranust: /It ITHPOKOro KIacca PE3OHAHCHBIX KPAEBbIX 331a4 JJIs CKAIAPHBIX (DYHKITHOHAIBHO-Tu(h¢e-
PEHINATBHBIX YPABHEHUH C MOJOKUTEIbHBIMUA OMEPATOPAMHU TOJIY9€HbI HEOOXOIMMBbIE U JTOCTATOYHBIE yCJIOBHUST
OJITHO3HAYHON pa3permuMOCTH.

Kurogesbie cioBa: mepuopmdeckas KpaeBas 33/1a4a; PE30HAHCHAS KPaeBas 33/a4a; (PyHKIUOHAIbHO-1ud-
depennuanpHbie ypapHerus; koucranTel PaBapa; dyukius I'puna.
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O PEAJIU3AILINN PACCTOSHUN S HA MHO>KECTBE PEIIIEHUN
OYHKIIVMOHAJIbBHO-INOPEPEHIINAJIBHOI'O BKJIFOUYEHUA C
MHOTO3HAYHBIMI UMITYJIbLCHBIMU BO3JIENCTBUSIMU !

© A.N. Byarakos, E.B. Kopuyaruna

Kirouensie cioBa: yHKIMOHANBHO- U] DEpEeHInaIbHOS BKIIOYEHNE; MHOTO3HAYHBIE UMITYJILCHBIE BO3IEi-
CTBUA.

Annorauus: Ha MmHokecTBe pernenuii pyHKIMOHAIBHO-1u(HEPEHIMAIBHOIO BKJIIOYEHU ¢ MHOIO3HAYHbBIMU
UMITYJIbCHBIME BO3JEHCTBUAME PACCMOTPEH BOIPOC O PEATTU3AIMK PACCTOSHUS B MPOCTPAHCTBE CYMMUPYEMBIX
byHKIMHE OT MPOU3BOJBHON CYMMUDYeMOil (DYHKIMH A0 cBoux 3HaueHuil. [logydensr adpekTuBHBIE ONEHKU
pemrennit 3agaqun Kormm.

!PaBora nomuepxana rpanramuy PODI (Ne 07-01-00305, 09-01-97503), mayunoit nporpammoii "Pa3surue nayunoro
norennuasia seicuteil mkours" (PHIT Ne 2.1.1/1131) u Brimouena B Temmutan Ne 1.6.07.
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