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Abstract: On Virtinger's inequality as an example it is considerated using techniques, developed by Perm
FDE seminar, to proof of integral inequalities at this article.
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Abstract: For a wide class of resonance boundary value problems for scalar functional di�erential equations
with positive operators necessary and su�cient conditions of the unique solvability are obtained.

Periodic boundary value problems for di�erent functional di�erential equations have attracted great
attention during recent years (see [1�3] and lists of references). On the basic of the results of [2] some
conditions of solvability for periodic problems were obtained in terms of maxima and minima of some
polynomials. The optimality of solvability conditions and a recurrence relation for these maxima and
minima were proved for all orders n only for some additional suppositions.

Here necessary and su�cient conditions of uniquely solvability for some classes of resonance boundary
value problems (including periodic ones) are obtained.

Consider the boundary value problem for a linear scalar equation:

x(n)(t) = (T+x)(t)− (T−x)(t) + f(t), t ∈ [0, 1], (1)

`ix = ci, i = 1, . . . , n− 1, `nx ≡ x(n−1)(0)− x(n−1)(1) = cn, (2)

where n > 2; ci ∈ R, i = 1, . . . , n; f ∈ L[0, 1]; the linear operators T+/− : C[0, 1] → L[0, 1] are positive;
the functionals

`ix ≡
n−1∑

j=0

(
Aijx

(j)(0) + Bijx
(j)(1)

)
, i = 1, . . . , n− 1, (3)
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are such that {x(t) = c, c ∈ R} is the set of all solutions of the problem x(n) = 0, `ix = 0, i = 1, . . . , n.
We will say that the prob;em is resonance since for T+/− = 0, f = 0, ci = 0, i = 1, . . . , n, the problem
has nontrivial solutions.

Denote by G(t, s) the Green function of the problem x(n) = f , `ix = 0, i = 1, . . . , n− 1, x(0) = 0.
Let the constants Mn, n > 2, be de�ned by the equalities

Mn = max
t1,t2∈[0,1]

(
max

s1∈[0,1]

(
G(t1, s1)−G(t2, s1)

)− min
s2∈[0,1]

(
G(t1, s2)−G(t2, s2)

))
.

T h e o r e m 1. Let nonnegative numbers T + 6= T − be given. Boundary value problem (1)�(2) is
uniquely solvable for all positive operators T+/− : C[0, 1] → L[0, 1] such that

1∫

0

(T+/−1)(s) ds = T +/−,

if and only if
Y

1− Y
6 X 6 2(1 +

√
1− Y ), Y 6 3

4
,

where X = Mn max(T +, T −), Y = Mn min(T +, T −).
R e m a r k 1. The results of Theorem 1 are valid for much more general boundary conditions than

(3) for some additional suppositions.
For the periodic problem for the n-th order equation we have: Mn = |G(1

2 , 1
2)| if n is even, Mn =

= 2|G(1
2 , 1

4)| if n is odd, where G(t, s) is the Green function of the problem

x(n) = f, x(0) = 0, x(1) = 0, x(i)(0) = x(i)(1), i = 1, . . . , n− 2.

Moreover, the constants Mn coincide with the constants computed in [2] and possess the following
properties:

Mn =
Fn−1

(2π)n−1
=





(−1)m En−1

4n−1 (n− 1)!
, n = 2m + 1,

(−1)m+14(1− 1
2n

)Bn, n = 2m,

where Fn =
4
π

∞∑

k=0

(
(−1)k

2k + 1

)n+1

are the Favard constants [4, D. 27, P. 385], Bn are the Bernoulli

numbers, En are the Euler numbers;
for even numbers n

Mn =
4Cn,∞

(2π)n−1
,

where Cn,∞ are the ¾Stechkin constants¿ [4, D. 30, P. 385];
the sequence {Mn} satis�es the following recurrent equalities

8nMn+1 =
n∑

k=1

MkMn+1−k, M1 = 1,

therefore, the sequence {Mn} has a simple generating function
∞∑

n=0

Mn+1t
n =

1
cos(t/4)

+ tg(t/4), |t| < 2π;
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Mn+2 =
An

4n+1(n + 1)!
,

where An are the numbers of up-down permutations of the numbers {0, 1, . . . , n} (see, for example,
[5]).
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Àííîòàöèÿ: Äëÿ øèðîêîãî êëàññà ðåçîíàíñíûõ êðàåâûõ çàäà÷ äëÿ ñêàëÿðíûõ ôóíêöèîíàëüíî-äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ ïîëîæèòåëüíûìè îïåðàòîðàìè ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
îäíîçíà÷íîé ðàçðåøèìîñòè.

Êëþ÷åâûå ñëîâà: ïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à; ðåçîíàíñíàÿ êðàåâàÿ çàäà÷à; ôóíêöèîíàëüíî-äèô-
ôåðåíöèàëüíûå óðàâíåíèÿ; êîíñòàíòû Ôàâàðà; ôóíêöèÿ Ãðèíà.
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Î ÐÅÀËÈÇÀÖÈÈ ÐÀÑÑÒÎßÍÈß ÍÀ ÌÍÎÆÅÑÒÂÅ ÐÅØÅÍÈÉ
ÔÓÍÊÖÈÎÍÀËÜÍÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÂÊËÞ×ÅÍÈß Ñ
ÌÍÎÃÎÇÍÀ×ÍÛÌÈ ÈÌÏÓËÜÑÍÛÌÈ ÂÎÇÄÅÉÑÒÂÈßÌÈ 1

c© À.È. Áóëãàêîâ, Å.Â. Êîð÷àãèíà

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå âêëþ÷åíèå; ìíîãîçíà÷íûå èìïóëüñíûå âîçäåé-
ñòâèÿ.

Àííîòàöèÿ: Íà ìíîæåñòâå ðåøåíèé ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ ñ ìíîãîçíà÷íûìè
èìïóëüñíûìè âîçäåéñòâèÿìè ðàññìîòðåí âîïðîñ î ðåàëèçàöèè ðàññòîÿíèÿ â ïðîñòðàíñòâå ñóììèðóåìûõ
ôóíêöèé îò ïðîèçâîëüíîé ñóììèðóåìîé ôóíêöèè äî ñâîèõ çíà÷åíèé. Ïîëó÷åíû ýôôåêòèâíûå îöåíêè
ðåøåíèé çàäà÷è Êîøè.

1Ðàáîòà ïîääåðæàíà ãðàíòàìè ÐÔÔÈ (� 07-01-00305, 09-01-97503), íàó÷íîé ïðîãðàììîé "Ðàçâèòèå íàó÷íîãî
ïîòåíöèàëà âûñøåé øêîëû"(ÐÍÏ � 2.1.1/1131) è âêëþ÷åíà â Òåìïëàí � 1.6.07.

667


