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Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíî-äèôôåíöèàëüíîå âêëþ÷åíèå; ìíîãîçíà÷íûå èìïóëüñíûå âîçäåéñòâèÿ;
ïðîäîëæàåìîå ðåøåíèå.

Àííîòàöèÿ: Ðàññìîòðåí âîïðîñ î ïðîäîëæàåìîñòè ðåøåíèé ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî âêëþ-
÷åíèÿ ñ ïîëóíåïðåðûâíûì ñíèçó âîëüòåððîâûì ïî À.Í. Òèõîíîâó îïåðàòîðîì.

Ïóñòü U ∈ [a, b] � èçìåðèìîå ïî Ëåáåãó ìíîæåñòâî. Îáîçíà÷èì Ln
1 (U) ïðîñòðàíñòâî ñóììè-

ðóåìûõ ïî Ëåáåãó ôóíêöèé x : U → Rn ñ íîðìîé ‖x‖Ln(U) =
∫
U
|x(s)|ds, comp [Rn]� ìíîæåñòâî

íåïóñòûõ êîìïàêòîâ ïðîñòðàíñòâà Rn; S(Ln
1 [a, b]) � ìíîæåñòâî âñåõ îãðàíè÷åííûõ çàìêíóòûõ

âûïóêëûõ ïî ïåðåêëþ÷åíèþ (ðàçëîæèìûõ) [1] ïîäìíîæåñòâ ïðîñòðàíñòâà Ln
1 [a, b].

Ïóñòü tk ∈ [a, b] (a < t1 < . . . < tm < b) � êîíå÷íûé íàáîð òî÷åê. Îáîçíà÷èì ÷åðåç C̃n
[a, b] ìíî-

æåñòâî âñåõ íåïðåðûâíûõ íà êàæäîì èç èíòåðâàëîâ [a, t1], (t1, t2], . . . , (tm, b] îãðàíè÷åííûõ ôóíê-
öèé x : [a, b] → Rn, èìåþùèõ ïðåäåëû ñïðàâà â òî÷êàõ tk, k = 1, 2, . . . ,m, ñ íîðìîé ‖x‖eCn

[a,b]
=

= sup{|x(t)| : t ∈ [a, b]}. Åñëè τ ∈ (a, b], òî C̃n[a, τ ] � ýòî ïðîñòðàíñòâî ôóíêöèé x : [a, τ ] → Rn,
ÿâëÿþùèõñÿ ñóæåíèÿìè íà îòðåçîê [a, τ ] ýëåìåíòîâ èç C̃n[a, b] ñ íîðìîé‖x‖ eCn[a,τ ]

= sup{|x(t)| : t ∈
∈ [a, τ ]}.

Ðàññìîòðèì çàäà÷ó
ẋ ∈ Φ(x), (1)

∆(x(tk)) ∈ Ik(x(tk)), k = 1, . . . , m, (2)

x(a) = x0, (3)

ãäå îòîáðàæåíèå Φ : C̃n
[a, b] → S(Ln

1 [a, b]) ïîëóíåïðåðûâíî ñíèçó è óäîâëåòâîðÿåò óñëîâèþ: äëÿ
êàæäîãî îãðàíè÷åííîãî ìíîæåñòâà U ⊂ C̃n

[a, b] îáðàç Φ(U) îãðàíè÷åí ñóììèðóåìîé ôóíêöèåé.
1Ðàáîòà ïîääåðæàíà ãðàíòàìè ÐÔÔÈ (� 07-01-00305, 09-01-97503), íàó÷íîé ïðîãðàììîé "Ðàçâèòèå íàó÷íîãî

ïîòåíöèàëà âûñøåé øêîëû"(ÐÍÏ � 2.1.1/1131) è âêëþ÷åíà â Òåìïëàí � 1.6.07.
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Îòîáðàæåíèÿ Ik : Rn → comp [Rn], k = 1, 2, ...m íåïðåðûâíû ïî Õàóñäîðôó, ∆(x(tk)) = x(tk +
+ 0)− x(tk), k = 1, 2, ...m.

Î ï ð å ä å ë å í è å 1. Ïîä ðåøåíèåì çàäà÷è (1)-(3) áóäåì ïîíèìàòü ôóíêöèþ x ∈ C̃n
[a, b],

äëÿ êîòîðîé ñóùåñòâóåò òàêîå q ∈ Φ(x), ÷òî ïðè âñåõ t ∈ [a, b] èìååò ìåñòî ïðåäñòàâëåíèå

x(t) = x0 +

t∫

a

q(s)ds +
m∑

k=1

χ(tk,b](t)∆(x(tk)), (4)

ãäå ∆(x(tk)) ∈ Ik(x(tk)), k = 1, . . . , m.

Ïðåäïîëîæèì, ÷òî îïåðàòîð Φ : C̃n
[a, b] → S(Ln

1 [a, b]) âîëüòåððîâ ïî À.Í. Òèõîíîâó [2].
Ïóñòü τ ∈ (a, b]. Îïðåäåëèì íåïðåðûâíîå îòîáðàæåíèå Vτ : C̃n[a, τ ] → C̃n[a, b] ðàâåíñòâîì

(Vτ (x))(t) =
{

x(t), åñëè t ∈ [a, τ ];
x(τ), åñëè t ∈ (τ, b].

(5)

Î ï ð å ä å ë å í è å 2. Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ x ∈ C̃n[a, τ ] ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)-
(3) íà îòðåçêå [a, τ ], τ ∈ (a, b], åñëè ñóùåñòâóåò òàêîå q ∈ (Φ(Vτ (x)))|τ , ÷òî ôóíêöèÿ x : [a, τ ] → Rn

ïðåäñòàâèìà â âèäå

x(t) = x0 +

t∫

a

q(s)ds +
∑

k:tk∈[a,τ ]

χ(tk,b](t)∆(x(tk)), (6)

ãäå îòîáðàæåíèå Vτ : C̃n[a, τ ] → C̃n[a, b] îïðåäåëåíî ðàâåíñòâîì (5), (Φ(Vτ (x)))|τ - ìíîæåñòâî
ñóæåíèé ôóíêöèé èç ìíîæåñòâà Φ(Vτ (x)) íà îòðåçîê [a, τ ] è ∆(x(tk)) ∈ Ik(x(tk)), k = 1, . . . , m.

Î ï ð å ä å ë å í è å 3. Ðåøåíèå x : [a, c) → Rn çàäà÷è (1)-(3) íàçûâàåòñÿ íåïðîäîëæàåìûì,
åñëè íå ñóùåñòâóåò òàêîãî ðåøåíèÿ y çàäà÷è (1)-(3) íà [a, τ ], (τ ∈ (c, b], åñëè c < b è τ = b, åñëè
c = b), ÷òî äëÿ ëþáîãî t ∈ [a, c) âûïîëíåíî ðàâåíñòâî x(t) = y(t).

Ðåøåíèå çàäà÷è (1)-(3) ñ÷èòàåòñÿ íåïðîäîëæàåìûì.
Ò å î ð å ì à 1. Íàéäåòñÿ òàêîå τ ∈ (a, b], ÷òî ðåøåíèå çàäà÷è (1)-(3) ñóùåñòâóåò íà îòðåçêå

[a, τ ].
Ïóñòü τ ∈ (a, b]. Îáîçíà÷èì ÷åðåç H(x0, τ) ìíîæåñòâî ðåøåíèé çàäà÷è (1)-(3) íà îòðåçêå [a, τ ].
Îïðåäåëèì îïåðàòîð Λ : Ln

1 [a, b] → Cn[a, b], êîòîðûé èìååò âèä

(Λz)(t) = x0 +

t∫

a

z(s)ds, t ∈ [a, b]. (7)

Ðàññìîòðèì îïåðàòîð A : C̃n[a, b] → 2eCn[a,b], îïðåäåëåííûé ðàâåíñòâîì

(Ax)(t) = ΛΦ(x) +
m∑

k=1

χ(tk,b](t)∆x(tk), (8)

ãäå 2eCn[a,b] - ìíîæåñòâî íåïóñòûõ îãðàíè÷åííûõ ïîäìíîæåñòâ C̃n[a, b], ∆(x(tk)) ∈ Ik(x(tk)),
k = 1, . . . , m.

Ò å î ð å ì à 2. Åñëè ìíîæåñòâî âñåõ ëîêàëüíûõ ðåøåíèé çàäà÷è (1)-(3) àïðèîðíî îãðà-
íè÷åíî, òî ñóùåñòâóåò òàêîé âûïóêëûé êîìïàêò K ⊂ C̃n[a, b], ÷òî H(x0, b) ⊂ K, äëÿ ëþ-
áîãî τ ∈ (a, b) âûïîëíÿåòñÿ ðàâåíñòâî H(x0, τ) = H(x0, b)|τ , è A(K) ⊂ K, ãäå îòîáðàæåíèå
A : C̃n[a, b] → 2eCn[a,b] îïðåäåëåíî ðàâåíñòâîì (8), H(x0, b)|τ - ìíîæåñòâî ñóæåíèé ôóíêöèé èç
ìíîæåñòâà H(x0, b) íà îòðåçîê [a, τ ].
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Ò å î ð å ì à 3. Äëÿ òîãî, ÷òîáû ðåøåíèå x : [a, c) → Rn çàäà÷è (1)− (3) áûëî ïðîäîëæàåìûì
íà [a, τ ], (τ ∈ [c, b]), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû lim

t→c−0
|x(t)| < ∞.

Ò å î ð å ì à 4. Åñëè y � ðåøåíèå çàäà÷è (1) − (3) íà [a, τ ], τ ∈ (a, b], òî ñóùåñòâóåò
íåïðîäîëæàåìîå ðåøåíèå x çàäà÷è (1)− (3), îïðåäåëåííîå ëèáî íà [a, c) (c ∈ (τ, b]), ëèáî íà [a, b]
òàêîå, ÷òî ïðè âñåõ t ∈ [a, τ ] âûïîëíåíî ðàâåíñòâî x(t) = y(t).
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Àííîòàöèÿ: Ðàññìàòðèâàåòñÿ ñïîñîá âû÷èñëåíèÿ äèñêðåíòíîãî ïðåîáðàçîâàíèÿ Ôóðüå äëÿ ïîëèíîìîâ
ìíîãèõ ïåðåìåííûõ â êîëüöå Zp[x1, x2, . . . , xn]. Ïîëó÷åíû òåîðåòè÷åñêèå îöåíêè ñëîæíîñòè èçëîæåííîãî
ïîäõîäà.

Ïóñòü f ∈ Zp[x1, x2, . . . , xd], p � ïðîñòîå ÷èñëî. Ïóñòü íàèáîëüøàÿ ñòåïåíü ïåðåìåííîé xi â
ïîëèíîìå f ðàâíà ni − 1, ni = 2Ni . Îáîçíà÷èì n = n1n2 . . . nd. Òîãäà ïîëèíîì f ìîæíî çàïèñàòü
â âèäå:

f =
n1−1∑

i1=0

n2−1∑

i2=0

. . .

nd−1∑

id=0

fi1i2...inxi1
1 xi2

2 . . . xid
d

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû "Ðàçâèòèå ïîòåíöèàëà âûñøåé øêîëû" (ïðîåêò 2.1.1/1853).
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