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Abstract: the nonlinear controllable Goursat-Darboux problem is considered. The case when a mixed
derivative of the solution is Lp-function (p > 1)is considered; the su�cient conditions of existence-stability
of global solutions with respect to perturbations of controls is discussed.
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Î ÏÐÈÌÅÍÅÍÈÈ ÌÅÒÎÄÀ ÈÍÒÅÃÐÀËÜÍÛÕ ÍÀÏÐÀÂËßÞÙÈÕ ÔÓÍÊÖÈÉ
Ê ÇÀÄÀ×Å Î ÁÈÔÓÐÊÀÖÈÈ ÏÅÐÈÎÄÈ×ÅÑÊÈÕ ÐÅØÅÍÈÉ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÂÊËÞ×ÅÍÈÉ

c© Í.Â. Ëîé

Êëþ÷åâûå ñëîâà: ãëîáàëüíàÿ áèôóðêàöèÿ; íàïðàâëÿþùàÿ ôóíêöèÿ; äèôôåðåíöèàëüíîå âêëþ÷åíèå
ïåðâîãî ïîðÿäêà; ïåðèîäè÷åñêîå ðåøåíèå.

Àííîòàöèÿ: Â äàííîé ðàáîòå, ïðèìåíÿÿ ìåòîä èíòåãðàëüíûõ íàïðàâëÿþùèõ ôóíêöèé, ìû èçó÷àåì
ãëîáàëüíóþ ñòðóêòóðó ìíîæåñòâà ïåðèîäè÷åñêèõ ðåøåíèé îäíîïàðàìåòðè÷åñêîãî ñåìåéñòâà äèôôåðåí-
öèàëüíûõ âêëþ÷åíèé ïåðâîãî ïîðÿäêà.

Îáîçíà÷èì ÷åðåç W 1
2 ïðîñòðàíñòâî âñåõ ôóíêöèé x : [0, T ] → Rn, ïåðâûå ïðîèçâîäíûå êîòîðûõ

ñóùåñòâóþò ïî÷òè âñþäó íà [0, T ] è ÿâëÿþòñÿ ýëåìåíòàìè ïðîñòðàíñòâà L2([0, T ];Rn) ñ íîðìîé

‖x‖W = ‖x‖2 + ‖x′‖2,

ãäå

‖x‖2 =
(∫ T

0
‖f(s)‖2

Rn ds

) 1
2

.
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Ïóñòü
◦

W 1
2 îáîçíà÷àåò ïðîñòðàíñòâî âñåõ ôóíêöèé x ∈ W 1

2 òàêèõ, ÷òî x(0) = x(T ).
×åðåç Kv(Rn) îáîçíà÷èì ìíîæåñòâî âñåõ íåïóñòûõ âûïóêëûõ êîìïàêòíûõ ïîäìíîæåñòâ Rn.

Ðàññìîòðèì îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî äèôôåðåíöèàëüíûõ âêëþ÷åíèé òèïà

x
′
(t) ∈ F

(
t, x(t), µ

)
äëÿ ï.â. t ∈ R. (1)

Ïðåäïîëîæèì, ÷òî

(FT ) ìóëüòèôóíêöèÿ F : R× Rn × R→ Kv(Rn) T−ïåðèîäè÷íà ïî ïåðâîìó àðãóìåíòó, òî åñòü

F (t, y, µ) = F (t + T, y, µ) äëÿ ïî÷òè âñåõ t ∈ R, è ëþáîãî (y, µ) ∈ Rn × R;

(F1) äëÿ êàæäîãî (y, µ) ∈ Rn×R ìóëüòèîòîáðàæåíèå F (·, y, µ) : [0, T ] → Kv(Rn) èìååò èçìåðèìîå
ñå÷åíèå;

(F2) äëÿ ïî÷òè âñåõ t ∈ [0, T ] ìóëüòèîòîáðàæåíèå F (t, ·, ·) : Rn × R → Kv(Rn) ïîëóíåïðåðûâíî
ñâåðõó;

(F3) äëÿ ëþáîãî íåïóñòîãî îãðàíè÷åííîãî ìíîæåñòâà Ω ⊂ Rn×R ñóùåñòâóåò òàêàÿ ïîëîæèòåëü-
íàÿ ôóíêöèÿ hΩ ∈ L2([0, T ];R), ÷òî

‖F (t, y, µ)‖Rn 6 hΩ(t)

äëÿ âñåõ (y, µ) ∈ Ω è ï.â. t ∈ [0, T ], ãäå

‖F (t, y, µ)‖Rn = max{‖z‖Rn : z ∈ F (t, y, µ)};

(F4) 0 ∈ F (s, 0, µ) äëÿ âñåõ µ ∈ R è ï.â. s ∈ [0, T ];

(F5) ñóùåñòâóåò r0 > 0 òàêîå, ÷òî äëÿ êàæäîãî κ > 0 íàéäåòñÿ η > 0 òàêîå, ÷òî

h(F (t, x, µ), F (t, x, µ′)) < κ

äëÿ âñåõ (x, µ), (x, µ′) ∈ BRn(0, r0) × (−r0, r0), |µ − µ′| < η è ïî÷òè âñåõ t ∈ [0, T ], ãäå h
îáîçíà÷àåò ìåòðèêó Õàóñäîðôà íà ïðîñòðàíñòâå Kv(Rn).

Íàçîâåì T -ïåðèîäè÷åñêèì ðåøåíèåì ñåìåéñòâà (1) òàêîå ðåøåíèå (x, µ), êîòîðîå óäîâëåòâîðÿåò
óñëîâèþ: x(0) = x(T ). Èç (F4) ñëåäóåò, ÷òî (0, µ) ÿâëÿåòñÿ ðåøåíèåì ñåìåéñòâà (1) äëÿ ëþáîãî
µ ∈ R. Òàêèå ðåøåíèÿ íàçûâàþòñÿ òðèâèàëüíûìè. Ïîä íåòðèâèàëüíûì ðåøåíèåì ñåìåéñòâà (1)
ïîíèìàåì òàêîå ðåøåíèå (x, µ), ÷òî x 6= 0. Îáîçíà÷àåì ÷åðåç S ìíîæåñòâî âñåõ íåòðèâèàëüíûõ
T -ïåðèîäè÷åñêèõ ðåøåíèé ñåìåéñòâà (1).

Î ï ð å ä å ë å í è å 1. Íåïðåðûâíî äèôôåðåíöèðóåìóþ ôóíêöèþ V : Rn → R áóäåì íàçûâàòü
íåâûðîæäåííûì ïîòåíöèàëîì, åñëè åå ãðàäèåíò

∂V (x) = {∂V (x)
∂x1

,
∂V (x)
∂x2

, · · · ,
∂V (x)
∂xn

}

íå îáðàùàåòñÿ â íóëü ïðè 0 < ‖x‖Rn 6 r, ãäå r > 0 äîñòàòî÷íî ìàëî.
Èç ñâîéñòâ òîïîëîãè÷åñêîé ñòåïåíè âûòåêàåò, ÷òî ñòåïåíü íåâûðîæäåííîãî ïîòåíöèàëà

deg(∂V,BRn(0, r′))

íå çàâèñèò îò r′ ∈ (0, r). Ýòî îáùåå çíà÷åíèå ñòåïåíè íàçûâàåòñÿ èíäåêñîì íåâûðîæäåííîãî
ïîòåíöèàëà è îáîçíà÷àåòñÿ ind V .
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Î ï ð å ä å ë å í è å 2 (ñð. [2]). Äëÿ êàæäîãî µ ∈ R íåâûðîæäåííûé ïîòåíöèàë Vµ : Rn →
→ R íàçûâàåòñÿ èíòåãðàëüíîé íàïðàâëÿþùåé ôóíêöèåé äëÿ âêëþ÷åíèÿ (1), åñëè ñóùåñòâóåò
äîñòàòî÷íî ìàëîå πµ > 0 òàêîå, ÷òî äëÿ ëþáîãî x ∈

◦
W 1

2 èç

0 < ‖x‖2 6 πµ è ‖x′(t)‖Rn 6 ‖F (t, x(t), µ)‖Rn äëÿ ïî÷òè âñåõ t ∈ [0, T ]

ñëåäóåò ∫ T

0
(∂V (x(s)), f(s)) ds > 0

äëÿ âñåõ f ∈ L2([0, T ];Rn) òàêèå, ÷òî f(s) ∈ F (s, x(s), µ) äëÿ ïî÷òè âñåõ s ∈ [0, T ].
Ò å î ð å ì à 1. Ïóñòü âûïîëíåíû óñëîâèÿ (F1)−(F5) è (FT ). Ïðåäïîëîæèì, ÷òî äëÿ êàæäîãî

µ 6= 0, äîñòàòî÷íî ìàëîãî ïî ìîäóëþ, ñóùåñòâóåò èíòåãðàëüíàÿ íàïðàâëÿþùàÿ ôóíêöèÿ Vµ äëÿ
âêëþ÷åíèÿ (1) òàêàÿ, ÷òî

lim
µ→0+

ind Vµ − lim
µ→0−

ind Vµ 6= 0.

Òîãäà cóùåñòâóåò ñâÿçíîå ìíîæåñòâî R ⊂ S òàêîå, ÷òî (0, 0) ∈ R è ëèáî R íåîãðàíè÷åíî ëèáî
(0, µ∗) ∈ R äëÿ íåêîòîðîãî µ∗ 6= 0.
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Abstract: in this paper, applying the method of integral guiding functions we consider the problem of global
bifurcation of periodic solutions of the family of one-parameter ordinary di�erential inclusions.
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