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Êëþ÷åâûå ñëîâà: áèôóðêàöèÿ; âûíóæäåííûå êîëåáàíèÿ.
Àííîòàöèÿ: Ðàññìàòðèâàåòñÿ çàäà÷à î ëîêàëüíûõ áèôóðêàöèÿõ âûíóæäåííûõ êîëåáàíèé äâóïàðàìåò-

ðè÷åñêèõ ñèñòåì àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ. Ïîëó÷åí íîâûé äîñòàòî÷íûé ïðèçíàê áèôóðêàöèè, à
òàêæå ïðåäëîæåíà èòåðàöèîííàÿ ñõåìà ïðèáëèæåííîãî èññëåäîâàíèÿ áèôóðêàöèè.

Ðàññìàòðèâàåòñÿ ñèñòåìà àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ, îïèñûâàåìàÿ óðàâíåíèåì âèäà
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, λ)x = M(
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, λ)f(x, t, λ), (1)

ãäå λ � ñêàëÿðíûé èëè âåêòîðíûé ïàðàìåòð, îïåðàòîðíûå ìíîãî÷ëåíû L(p, λ), M(p, λ) ñ âå-
ùåñòâåííûìè êîýôôèöèåíòàìè ñòåïåíè n è m ñîîòâåòñòâåííî (n > m), ãëàäêî çàâèñÿùèìè îò
ïàðàìåòðà λ. Ïóñòü ôóíêöèÿ f(x, t, λ) ïðåäñòàâèìà â âèäå f(x, t, λ) = c(λ)x+ ε(x, t, λ), â êîòîðîì
T -ïåðèîäè÷åñêàÿ ïî t íåëèíåéíîñòü ε(x, t, λ) ÿâëÿåòñÿ ãëàäêîé ïî x è λ, íåïðåðûâíà ïî t, ïðè÷åì
|ε(x, t, λ)| = o(|x|) ïðè |x| → 0.

Ñèñòåìà (1) ïðè âñåõ çíà÷åíèÿõ λ èìååò íóëåâîå ïîëîæåíèå ðàâíîâåñèÿ x ≡ 0, â îêðåñòíîñòè
êîòîðîé ïîä äåéñòâèåì âûíóæäàþùåé ñèëû f(x, t, λ) âîçìîæíû ðàçëè÷íûå ëîêàëüíûå áèôóðêà-
öèè [1], â ÷àñòíîñòè, âîçìîæíî âîçíèêíîâåíèå íåíóëåâûõ T -ïåðèîäè÷åñêèõ êîëåáàíèé (áèôóð-
êàöèÿ âûíóæäåííûõ êîëåáàíèé), íåíóëåâûõ ïåðèîäè÷åñêèõ êîëåáàíèé ïåðèîäà kT ïðè k > 1
(áèôóðêàöèÿ ñóáãàðìîíè÷åñêèõ êîëåáàíèé), ïî÷òè ïåðèîäè÷åñêèõ êîëåáàíèé è äð. Â íàñòîÿùåé
ñòàòüå ðàññìàòðèâàåòñÿ çàäà÷à î âîçíèêíîâåíèè â ñèñòåìå (1) âûíóæäåííûõ êîëåáàíèé ïåðèîäà
T .

Çíà÷åíèå λ0 ïàðàìåòðà λ íàçûâàåòñÿ [2] òî÷êîé áèôóðêàöèè âûíóæäåííûõ êîëåáàíèé ñèñòåìû
(1), åñëè ïðè ïåðåõîäå ÷åðåç äàííîå çíà÷åíèå ó ñèñòåìû (1) âîçíèêàþò èëè èñ÷åçàþò ìàëûå ïî
àìïëèòóäå ïåðèîäè÷åñêèå êîëåáàíèÿ ïåðèîäà T .

Ïîëîæèì ω =
2π

T
. Ïóñòü âûïîëíåíû óñëîâèÿ:

U 1. L(±ωi, λ0)− c(λ0)M(±ωi, λ0) = 0, L(±ωki, λ0)− c(λ0)M(±ωki, λ0) 6= 0 (k 6= 1).
U 2. L(±ωki, λ0) 6= 0, k = 0, 1, 2...
Ñîîòâåòñòâóþùàÿ áèôóðêàöèÿ âûíóæäåííûõ êîëåáàíèé èìååò êîðàçìåðíîñòü ðàâíóþ äâóì

è, ñëåäîâàòåëüíî, ÷òîáû áèôóðêàöèÿ áûëà òèïè÷íîé, óðàâíåíèå (1) äîëæíî çàâèñåòü îò äâóõ
ïàðàìåòðîâ. Ïóñòü λ = (α, β).

Ïîëîæèì τ = W (ωi, λ0), ξ = W ′
α(ωi, λ0), η = W ′

β(−ωi, λ0); çäåñü W (p, λ) =
M(p, λ)
L(p, λ)

� ïåðåäà-
òî÷íàÿ ôóíêöèÿ ëèíåéíîãî çâåíà ñèñòåìû (1).

Ò å î ð å ì à 1. Ïóñòü âûïîëíåíû óñëîâèÿ U1, U2 è

c(λ0)Im
[
c(λ0)ξη + c′α(λ0)τη + c′β(λ0)ξτ

] 6= 0.

Òîãäà λ0 = (α0, β0) � òî÷êà áèôóðêàöèè âûíóæäåííûõ êîëåáàíèé ñèñòåìû (1).
Ñèñòåìó (1) ìîæíî (ðàçëè÷íûìè ñïîñîáàìè) çàïèñàòü â âèäå ðàâíîñèëüíîé ñèñòåìû

x′ = A(λ)z + γf(z, t, λ), z ∈ Rn, (2)
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ãäå γ ∈ Rn�ôèêñèðîâàííûé âåêòîð.
Ïóñòü U(z, λ) � îïåðàòîð ñäâèãà çà âðåìÿ îò 0 äî T ïî òðàåêòîðèÿì ñèñòåìû (2). Çàäà÷à

î áèôóðêàöèè âûíóæäåííûõ êîëåáàíèé ñèñòåìû (1) ðàâíîñèëüíà çàäà÷å î áèôóðêàöèè ìàëûõ
íåíóëåâûõ ðåøåíèé îïåðàòîðíîãî óðàâíåíèÿ z = U(z, λ), êîòîðóþ ìîæíî ïðåäñòàâèòü â âèäå

z = B(λ)z + b(z, λ), z ∈ Rn, (3)

ãäå B(λ) � îïåðàòîð ñäâèãà [2] çà âðåìÿ îò 0 äî T äëÿ ëèíåéíîé ñèñòåìû z′ = A(λ)z. Íåëèíåéíûé
âïîëíå íåïðåðûâíûé îïåðàòîð b(z, λ) óäîâëåòâîðÿåò ñîîòíîøåíèÿì:

lim
|z|→0

sup
|λ−λ0|61

|b(z, λ)|
|z| = 0, sup

|λ−λ0|61
|b(z1, λ)− b(z2, λ)| 6 ε(ρ) |z1 − z2 |, |z1|, |z2| 6 ρ,

äëÿ íåêîòîðîé ôóíêöèè ε(ρ) òàêîé, ÷òî ε(ρ) → 0 ïðè ρ → 0.
Ïðèâåäåì îáùóþ ñõåìó èññëåäîâàíèÿ áèôóðêàöèè â äâóïàðàìåòðè÷åñêèõ îïåðàòîðíûõ óðàâ-

íåíèÿõ âèäà (3), ïðèâîäÿùóþ ê àñèìïòîòè÷åñêèì ôîðìóëàì.
Ïóñòü e ∈ Rn � íåêîòîðûé âåêòîð; çíà÷åíèå λ0 íàçîâåì ïðàâèëüíîé òî÷êîé áèôóðêàöèè óðàâ-

íåíèÿ (3) ïî íàïðàâëåíèþ âåêòîðà e, åñëè ïðè ëþáîì ε > 0 ñóùåñòâóåò çíà÷åíèå ïàðàìåòðà
λ = λε : ‖λε−λ0‖ < ε, ïðè êîòîðîì óðàâíåíèå (3) èìååò íåíóëåâîå ðåøåíèå zε òàê, ÷òî ‖zε−εe‖ =
= o(ε) ïðè ε → 0. Âåêòîðû zε è çíà÷åíèÿ λε íàçîâåì áèôóðöèðóþùèìè ðåøåíèÿìè óðàâíåíèÿ
(3).

Óñëîâèå U1 ýêâèâàëåíòíî òîìó, ÷òî 1 ÿâëÿåòñÿ ïîëóïðîñòûì ñîáñòâåííûì çíà÷åíèåì îïåðàòî-
ðà B(λ0) êðàòíîñòè 2. Ïóñòü e è g ëèíåéíî íåçàâèñèìûå ñîáñòâåííûå âåêòîðû îïåðàòîðà B(λ0),
îòâå÷àþùèå ñîáñòâåííîìó çíà÷åíèþ 1. Ñîïðÿæåííûé îïåðàòîð B∗(λ0) òàêæå èìååò ïîëóïðîñòîå
ñîáñòâåííîå çíà÷åíèå 1 êðàòíîñòè 2, êîòîðîìó îòâå÷àþò ñîáñòâåííûå âåêòîðû e∗, g∗.

Ò å î ð å ì à 2. Ïóñòü det
[

(B′
α(λ0)e, e∗) (B′

β(λ0)e, e∗)
(B′

α(λ0)e, g∗) (B′
β(λ0)e, g∗)

]
6= 0. Òîãäà λ0 � òî÷êà áèôóðêàöèè

ìàëûõ ðåøåíèé óðàâíåíèÿ (3).
Â îñíîâå ñõåìû ïîñòðîåíèÿ áèôóðöèðóþùèõ ðåøåíèé óðàâíåíèÿ (3) ïîëîæèì ìåòîä ôóíêöè-

îíàëèçàöèè ïàðàìåòðà.
Íà ïåðâîì ýòàïå ðàññìàòðèâàåòñÿ ôóíêöèîíàëèçèðîâàííîå óðàâíåíèå

z = B[α(z), β(z)]z + b[z, α(z), β(z)], (4)

ãäå α(z) è β(z) � íåïðåðûâíûå ôóíêöèîíàëû, êîòîðûå ïðåäëàãàåòñÿ âûáðàòü â âèäå α(z) = α0 +
+ 1

ε [(z, e∗)− ε] , β(z) = β0 + 1
ε (z, g∗); ε > 0 � âñïîìîãàòåëüíûé ìàëûé ïàðàìåòð.

Íà âòîðîì ýòàïå óðàâíåíèå (4) èçó÷àåòñÿ ìåòîäîì Íüþòîíà-Êàíòîðîâè÷à. Äëÿ ýòîãî (4) ïðåä-
ñòàâëÿåòñÿ â âèäå

G(z) + W (z) = 0, G(z) = z −B[α(z), β(z)]x, W (z) = −b[z, α(z), β(z)]. (5)

Îïåðàòîðû G è W äåéñòâóþò â ïðîñòðàíñòâå Rn è çàâèñÿò îò ïàðàìåòðà ε > 0.
Ïîëîæèì z0 = εe; èç óñëîâèè òåîðåìû 2 ñëåäóåò, ÷òî ñóùåñòâóåò îãðàíè÷åííûé îïåðàòîð Γ0 =

= [G′(z0)]−1, ïðè ýòîì îïåðàòîð Γ0 íå çàâèñèò îò ε. Äëÿ îïåðàòîðà Γ0 ìîæåò áûòü ïîëó÷åíî ÿâíîå
ïðåäñòàâëåíèå èç ôîðìóëû, îïðåäåëÿþùåé îïåðàòîð G′(z0).

Ò å î ð å ì à 3. Ïðè âñåõ äîñòàòî÷íî ìàëûõ ε > 0 óðàâíåíèå (5) èìååò â øàðå S(z0,
ε

4
)

ðåøåíèå xε, êîòîðîå ìîæåò áûòü ïîëó÷åíî êàê ïðåäåë ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé

zn+1 = zn − Γ0G(zn)− Γ0W (zn), n = 0, 1, 2, ...

Òåîðåìà 3 ïîçâîëÿåò ïîëó÷èòü àñèìïòîòè÷åñêèå ôîðìóëû äëÿ áèôóðöèðóþùèõ ðåøåíèé óðàâ-
íåíèÿ (3).

774



ISSN 1810-0198. Âåñòíèê ÒÃÓ, ò. 14, âûï. 4, 2009

ËÈÒÅÐÀÒÓÐÀ
1. Ãóêåíõåéìåð Äæ., Õîëìñ Ô.Íåëèíåéíûå êîëåáàíèÿ, äèíàìè÷åñêèå ñèñòåìû è áèôóðêàöèè âåêòîðíûõ ïîëåé.

Ì.; Èæåâñê: Èíñòèòóò êîìïüþòåðíûõ èññëåäîâàíèé, 2002. 560 ñ.
2. Êðàñíîñåëüñêèé Ì.À. Îïåðàòîð ñäâèãà ïî òðàåêòîðèÿì äèôôåðåíöèàëüíûõ óðàâíåíèé. Ì.: Íàóêà. Ãëàâíàÿ

ðåäàêöèÿ ôèçèêî-ìàòåìàòè÷åñêîé ëèòåðàòóðû, 1966. 329 ñ.

Abstract: In this paper we consider the local bifurcations' problem of two-parametric control sistems'
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óñëîâèå 2-ðåãóëÿðíîñòè.

Àííîòàöèÿ: Ðàññìàòðèâàåòñÿ óïðàâëÿåìàÿ äèíàìè÷åñêàÿ èìïóëüñíàÿ ñèñòåìà. Â ïðåäïîëîæåíèè, ÷òî â
íåôèêñèðîâàííîì äîïóñòèìîì óïðàâëåíèè âûïîëíåíî óñëîâèå 2-ðåãóëÿðíîñòè, äîêàçàíà ëîêàëüíàÿ óïðàâ-
ëÿåìîñòü ýòîé ñèñòåìû.

Ðàññìàòðèâàåòñÿ óïðàâëÿåìàÿ ñèñòåìà

dx(t) = f(x(t), u(t), t)dt + G(t)dµ(t), t ∈ [t1, t2], (1)

x(t1) = x1, µ ∈ K. (2)

Âñå ôóíêöèè, îïðåäåëÿþùèå çàäà÷ó, äîñòàòî÷íî ãëàäêèå. K � ìíîæåñòâî âñåõ k- ìåðíûõ áî-
ðåëåâñêèõ ìåð µ, òàêèõ, ÷òî µ(B) ⊂ K äëÿ ëþáîãî áîðåëåâñêîãî ìíîæåñòâà B, ãäå K � çàäàííûé
îñòðûé âûïóêëûé çàìêíóòûé êîíóñ. Â êà÷åñòâå êëàññà äîïóñòèìûõ óïðàâëåíèé ðàññìàòðèâàåòñÿ
ìíîæåñòâî ïàð (u, µ) : µ ∈ K, u ∈ Lm∞[t1, t2].

Ôèêñèðóåì äîïóñòèìîå óïðàâëåíèå (û(·), µ̂(·)).
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