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ÒÎ×ÍÎÅ ÍÅÐÀÂÅÍÑÒÂÎ ÄËß ÄÐÎÁÍÛÕ ÑÒÅÏÅÍÅÉ ÎÏÅÐÀÒÎÐÀ
ËÀÏËÀÑÀ 1

c© Å.Î. Ñèâêîâà

Êëþ÷åâûå ñëîâà: îïåðàòîð Ëàïëàñà; ýêñòðåìàëüíàÿ çàäà÷à; ïðåîáðàçîâàíèå Ôóðüå.
Àííîòàöèÿ: Ðàáîòà ïîñâÿùåíà îïðåäåëåíèþ òî÷íîé êîíñòàíòû â íåðàâåíñòâå äëÿ äðîáíûõ ñòåïåíåé

îïåðàòîðà Ëàïëàñà; äîêàçàòåëüñòâî îñíîâûâàåòñÿ íà ïðèíöèïå Ëàãðàíæà â òåîðèè ýêñòðåìóìà.

Íåðàâåíñòâà äëÿ ñòåïåíåé ðàçëè÷íûõ îïåðàòîðîâ èãðàþò âàæíóþ ðîëü â àíàëèçå, òåîðèè
ïðèáëèæåíèé è òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé. Çäåñü ïðèâîäèòñÿ òî÷íîå íåðàâåíñòâî,
ñâÿçûâàþùåå äðîáíûå ñòåïåíè îïåðàòîðà Ëàïëàñà ôóíêöèè è åå ïðåîáðàçîâàíèå Ôóðüå.

Ïóñòü ∆ � îïåðàòîð Ëàïëàñà íà Rd, òî åñòü ∆ ñîïîñòàâëÿåò ãëàäêîé ôóíêöèè f(·) ôóíêöèþ

∆f(x) =
∂2f

∂x2
1

(x) + . . . +
∂2f

∂x2
d

(x).

Åñëè ñóùåñòâóåò ïðåîáðàçîâàíèå Ôóðüå F ôóíêöèé f(·) è ∆f(·), òî íåòðóäíî âèäåòü, ÷òî (F∆f)(ξ) =
= −|ξ|2 Ff(ξ), ãäå |ξ|2 = ξ2

1 + . . . + ξ2
d.

Äëÿ êàæäîãî α > 0 îïåðàòîð (−∆)α/2, äåéñòâóþùèé ïî ïðàâèëó (−∆)α/2f(x) = F−1(|ξ|αFf(ξ))(x),
ãäå F−1 � îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, íàçûâàåòñÿ α-îé ñòåïåíüþ îïåðàòîðà Ëàïëàñà. ßñíî,
÷òî (−∆)0 � òîæäåñòâåííûé îïåðàòîð.

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî Ôîíäà Ôóíäàìåíòàëüíûõ Èññëåäîâàíèé (ãðàíò �
09-01-90200).
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Ðàññìîòðèì ñëåäóþùåå ïðîñòðàíñòâî

Wα
∞,2(Rd) = { f(·) ∈ L2(Rd) | Ff(·) ∈ L∞(Rd), (−∆)α/2f(·) ∈ L2(Rd) }.

Ò å î ð å ì à. Ïóñòü 0 6 β < α. Äëÿ âñåõ f(·) ∈ Wα
∞,2(Rd) ñïðàâåäëèâî òî÷íîå íåðàâåíñòâî

‖(−∆)β/2f(·)‖L2(Rd) 6 K‖Ff(·)‖
2(α−β)
d+2α

L∞(Rd)
‖(−∆)α/2f(·)‖

d+2β
d+2α

L2(Rd)
,

ãäå

K = K(β, α, d) =

√
d + 2α

d + 2β

(
21−d

πd/2Γ(d/2)(d + 2α)

) α−β
d+2α

.

Òî÷íîñòü äàííîãî íåðàâåíñòâà îçíà÷àåò, ÷òî êîíñòàíòó K íåëüçÿ óìåíüøèòü.
Ïðèâåäåì êðàòêóþ ñõåìó äîêàçàòåëüñòâà. Ïóñòü δ > 0. Ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó íà

Wα
∞,2(Rd):

‖(−∆)β/2f(·)‖L2(Rd) → max, ‖Ff(·)‖L∞(Rd) 6 δ, ‖(−∆)α/2f(·)‖L2(Rd) 6 1. (1)

Åñëè ïåðåéòè ê îáðàçàì Ôóðüå, òî, ïî òåîðåìå Ïëàíøåðåëÿ, êâàäðàò çíà÷åíèÿ äàííîé çàäà÷è
(òî åñòü âåëè÷èíà âåðõíåé ãðàíè ìàêñèìèçèðóåìîãî ôóíêöèîíàëà) áóäåò ðàâåí çíà÷åíèþ òàêîé
çàäà÷è

1
(2π)d

∫

Rd

|ξ|2β|Ff(ξ)|2 dξ → max, |Ff(ξ)|2 6 δ2,
1

(2π)d

∫

Rd

|ξ|2α|Ff(ξ)|2 dξ 6 1, (2)

ãäå íåðàâåíñòâî â ïåðâîì îãðàíè÷åíèè âûïîëíÿåòñÿ äëÿ ïî÷òè âñåõ ξ ∈ Rd.
Îòíîñèòåëüíî ïåðåìåííîé |Ff(·)|2 äàííàÿ çàäà÷à ÿâëÿåòñÿ çàäà÷åé âûïóêëîãî ïðîãðàììèðî-

âàíèÿ. Èñïîëüçóÿ ñòàíäàðòíûå ìåòîäû âûïóêëîé îïòèìèçàöèè (ñì., íàïð., [1]), ìîæíî äîêàçàòü,
÷òî ôóíêöèÿ f̂(·) òàêàÿ, ÷òî

F f̂(ξ) =





δ, |ξ| 6 σ;

0, |ξ| > σ,

ãäå

σ =

(
2d−1πd/2(d + 2α)Γ(d/2)

δ2

) 1
d+2α

,

ÿâëÿåòñÿ åå ðåøåíèåì. Ïîäñòàâëÿÿ ýòó ôóíêöèþ â ìàêñèìèçèðóåìûé ôóíêöèîíàë â (2), à çàòåì
èçâëåêàÿ êâàäðàòíûé êîðåíü, ïîëó÷àåì, ÷òî çíà÷åíèå S çàäà÷è (1) òàêîâî

S =

√
d + 2α

d + 2β

(
δ221−d

πd/2Γ(d/2)

) α−β
d+2α

.

Ïóñòü òåïåðü f(·) � ïðîèçâîëüíàÿ ôóíêöèÿ èç Wα
∞,2(Rd), îòëè÷íàÿ îò íóëÿ. Ïîëîæèì g(·) =

= f(·)/‖(−∆)α/2f(·)‖L2(Rd). Òîãäà ÿñíî, ÷òî ‖(−∆)α/2g(·)‖L2(Rd) = 1 è ‖Fg(·)‖L∞(Rd) =
= ‖Ff(·)‖L∞(Rd)/‖(−∆)α/2f(·)‖L2(Rd), òî åñòü g(·) óäîâëåòâîðÿåò îãðàíè÷åíèÿì çàäà÷è (1) ñ δ =
= ‖Ff(·)‖L∞(Rd)/‖(−∆)α/2f(·)‖L2(Rd). Ñëåäîâàòåëüíî,

‖(−∆)β/2g(·)‖L2(Rd) =
‖(−∆)β/2f(·)‖L2(Rd)

‖(−∆)α/2f(·)‖L2(Rd)

6 S.
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Ïîäñòàâëÿÿ δ = ‖Ff(·)‖L∞(Rd)/‖(−∆)α/2f(·)‖L2(Rd) â âûðàæåíèå äëÿ S, ïîëó÷àåì ïîñëå íåñëîæ-
íûõ ïðåîáðàçîâàíèé òðåáóåìîå íåðàâåíñòâî. Íà ôóíêöèè f̂(·), êàê ëåãêî óáåäèòüñÿ, îíî îáðàùà-
åòñÿ â ðàâåíñòâî è ïîýòîìó êîíñòàíòà K � íàèìåíüøàÿ èç âîçìîæíûõ.

Ïîäîáíûå íåðàâåíñòâà, íî êîãäà âìåñòî ñòåïåíåé îïåðàòîðà Ëàïëàñà ðàññìàòðèâàþòñÿ ïðîèç-
âîäíûå, èçó÷àëèñü â ðàáîòå [2]. Äîêàçàòåëüñòâî äàííîãî íåðàâåíñòâà ñëåäóåò ðàññóæäåíèÿì èç
ýòîé ðàáîòû.
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Abstract: the paper is devoted to determination of the exact constant in the inequality for fractional powers
of Laplace operator; the proof is based on the Lagrange principle in theory of extremum.

Keywords: Laplace operator; extremal problem; Fourier transform.
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Àííîòàöèÿ: Äëÿ ëèíåéíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé Èòî

dx(t) = a(t)x(t)dt + b(t)x(t)w(dt) + φ(dt) (t ∈ R)

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ è àäìèíèñòðàöèè Ïåðìñêîãî êðàÿ (ãðàíò � 07-01-96060-
ð-óðàë-à) è ÇÀÎ �ÏÐÎÃÍÎÇ�.
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