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Àííîòàöèÿ: Äëÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ ñ èìïóëüñíûìè âîçäåéñòâèÿìè ïîëó-
÷åíà îöåíêà ðåøåíèÿ îòíîñèòåëüíî íàïåðåä çàäàííîé êóñî÷íî-íåïðåðûâíîé ôóíêöèè, àíàëîãè÷íàÿ îöåíêå
À.Ô. Ôèëèïïîâà äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ âêëþ÷åíèé. Îòìåòèì, ÷òî äèôôåðåíöèàëüíûå
óðàâíåíèÿ ñ èìïóëüñíûìè âîçäåéñòâèÿìè èññëåäîâàíû â ìîíîãðàôèÿõ [1 � 3].

Ïóñòü U ∈ [a, b] � èçìåðèìîå ïî Ëåáåãó ìíîæåñòâî. Îáîçíà÷èì Ln
1 (U) ïðîñòðàíñòâî ñóììèðó-

åìûõ ïî Ëåáåãó ôóíêöèé x : U → Rn ñ íîðìîé ‖x‖Ln
1 (U) =

∫
U
|x(s)|ds.

Ìíîæåñòâî âñåõ îãðàíè÷åííûõ çàìêíóòûõ âûïóêëûõ ïî ïåðåêëþ÷åíèþ ïîäìíîæåñòâ ïðî-
ñòðàíñòâà Ln

1 [a, b] îáîçíà÷èì ÷åðåç S(Ln
1 [a, b]).

Ïóñòü tk ∈ [a, b] (a < t1 < . . . < tm < b) � êîíå÷íûé íàáîð òî÷åê. Îáîçíà÷èì ÷åðåç C̃n
[a, b] ìíî-

æåñòâî âñåõ íåïðåðûâíûõ íà êàæäîì èç èíòåðâàëîâ [a, t1], (t1, t2], . . . , (tm, b] îãðàíè÷åííûõ ôóíê-
öèé x : [a, b] → Rn, èìåþùèõ ïðåäåëû ñïðàâà â òî÷êàõ tk, k = 1, 2, . . . ,m, ñ íîðìîé ‖x‖eCn

[a,b]
=

= sup{|x(t)| : t ∈ [a, b]}.
Ðàññìîòðèì çàäà÷ó

ẋ ∈ Φ(x), (1)

∆(x(tk)) = Ik(x(tk)), k = 1, 2, . . . ,m, (2)

x(a) = x0, (3)

ãäå îòîáðàæåíèå Φ : C̃n
[a, b] → S(Ln

1 [a, b]) óäîâëåòâîðÿåò óñëîâèþ: äëÿ êàæäîãî îãðàíè÷åííîãî
ìíîæåñòâà U ⊂ C̃n

[a, b] îáðàç Φ(U) îãðàíè÷åí ñóììèðóåìîé ôóíêöèåé. Îòîáðàæåíèÿ Ik : Rn →
Rn, k = 1, 2, ..., m, íåïðåðûâíû è óäîâëåòâîðÿþò óñëîâèþ Ëèïøèöà: äëÿ êàæäîãî k = 1, 2, ..., m
íàéäåòñÿ òàêîå ÷èñëî gk, ÷òî äëÿ ëþáûõ x, y ∈ Rn âûïîëíÿåòñÿ îöåíêà

|Ik(x)− Ik(y)| 6 gk|x− y|; (4)

∆(x(tk)) = x(tk + 0)− x(tk), k = 1, 2, ...,m.

Áóäåì ãîâîðèòü, ÷òî îòîáðàæåíèå Φ : C̃n
[a, b] → S(Ln

1 [a, b]) îáëàäàåò ñâîéñòâîì A, åñëè
íàéäåòñÿ òàêàÿ ñóììèðóåìàÿ ôóíêöèÿ l : [a, b] → [0,∞), ÷òî äëÿ ëþáûõ ôóíêöèé x, y ∈ C̃n[a, b] è
ëþáîãî t ∈ [a, b] âûïîëíÿåòñÿ íåðàâåíñòâî

hLn
1 [a,t][Φ(x); Φ(y)] 6

t∫

a

l(s)ds sup
s∈[a,t]

|x(s)− y(s)|. (5)

1Ðàáîòà ïîääåðæàíà ãðàíòàìè ÐÔÔÈ (� 07-01-00305, 09-01-97503), íàó÷íîé ïðîãðàììîé "Ðàçâèòèå íàó÷íîãî
ïîòåíöèàëà âûñøåé øêîëû"(ÐÍÏ � 2.1.1/1131), è âêëþ÷åíà â Òåìïëàí � 1.6.07.
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Åñëè îòîáðàæåíèå Φ : C̃n
[a, b] → S(Ln

1 [a, b]) óäîâëåòâîðÿåò äëÿ ëþáîãî èçìåðèìîãî ìíîæåñòâà
U ∈ [a, b] îöåíêå

hLn
1 [a,t][Φ(x); Φ(y)] 6

∫

U
l(s)ds‖x− y‖eCn

[a,b]
, (6)

òî áóäåì ãîâîðèòü, ÷òî îíî îáëàäàåò ñâîéñòâîì B.
Î ï ð å ä å ë å í è å 1. Ïîä ðåøåíèåì çàäà÷è (1)-(3) áóäåì ïîíèìàòü ôóíêöèþ x ∈ C̃n[a, b],

äëÿ êîòîðîé ñóùåñòâóåò òàêîå q ∈ Φ(x), ÷òî ïðè âñåõ t ∈ [a, b] èìååò ìåñòî ïðåäñòàâëåíèå

x(t) = x0 +

t∫

a

q(s)ds +
m∑

k=1

χ(tk,b](t)∆(x(tk)), (7)

ãäå ∆(x(tk)), k = 1, 2, ...,m, óäîâëåòâîðÿþò ðàâåíñòâàì (2), χ(c,d](·) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ
ïîëóèíòåðâàëà (c, d].

Äàëåå ïðåäïîëîæèì, ÷òî îïåðàòîð Φ : C̃n[a, b] → S(Ln
1 [a, b]) (ïðàâàÿ ÷àñòü âêëþ÷åíèÿ (1))

âîëüòåððîâ ïî À.Í. Òèõîíîâó.
Ïóñòü äëÿ ôóíêöèè y ∈ C̃n[a, b] ñóùåñòâóåò ôóíêöèÿ q̃ ∈ Ln[a, b], ÷òî äëÿ ëþáîãî t ∈ [a, b]

èìååò ìåñòî ïðåäñòàâëåíèå

y(t) = y(a) +

t∫

a

q̃(s)ds +
m∑

k=1

χ[tk,b](t)∆(y(tk)), (8)

ãäå ∆(y(tk)), k = 1, 2, ...,m, óäîâëåòâîðÿåò ðàâåíñòâó (2). Ïóñòü äëÿ ôóíêöèè κ ∈ L1
+[a, b] äëÿ

êàæäîãî èçìåðèìîãî ìíîæåñòâà U ñïðàâåäëèâî ñîîòíîøåíèå

ρLn
1 (U)[q̃; Φ(y)] 6

∫

U
κ(s)ds, (9)

ãäå ôóíêöèè q̃ ∈ Ln
1 [a, b] è y ∈ C̃n[a, b] óäîâëåòâîðÿþò ðàâåíñòâó (8).

Ò å î ð å ì à. Ïóñòü äëÿ ôóíêöèè y ∈ C̃n[a, b] èìååò ìåñòî ïðåäñòàâëåíèå (8), à ôóíêöèÿ
κ ∈ L1

+[a, b] äëÿ êàæäîãî èçìåðèìîãî ìíîæåñòâà U ⊂ [a, b] óäîâëåòâîðÿåò íåðàâåíñòâó (9).
Òîãäà, åñëè îòîáðàæåíèå Φ : C̃n[a, b] → S(Ln

1 [a, b]) îáëàäàåò ñâîéñòâîì A, òî ñóùåñòâóåò
òàêîå ðåøåíèå x ∈ C̃n[a, b] çàäà÷è (1)-(3), ÷òî äëÿ ëþáîãî t ∈ [a, b] èìååò ìåñòî îöåíêà

|x(t)− y(t)| 6 ξ(κ, p)(t); (10)

åñëè æå îòîáðàæåíèå Φ : C̃n[a, b] → S(Ln
1 [a, b]) îáëàäàåò ñâîéñòâàìè A è B, òî ñóùåñòâóåò

òàêîå ðåøåíèå x ∈ C̃n[a, b] çàäà÷è (1)-(3), êîòîðîå äëÿ ëþáîãî t ∈ [a, b] óäîâëåòâîðÿåò îöåíêå
(10), è ïðè ïî÷òè âñåõ t ∈ [a, b] ñïðàâåäëèâî ñîîòíîøåíèå

|q(t)− q̃(t)| 6 κ(t) + l(t)ξ(κ, p)(t), (11)

ãäå p = |x0−y(a)|, ôóíêöèÿ l : [a, b] → [0,∞) óäîâëåòâîðÿåò îöåíêàì (5), (6), à ôóíêöèÿ ξ(κ, p)(t)
èìååò âèä
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ξ(κ, p)(t) =
t∫

a
κ(s)e

tR
s

l(τ)dτ
ds + p e

tR
a

l(s)ds
+

+
m∑

k=1

gk


 tk∫

a
κ(s)e

tkR
s

l(τ)dτ
ds + p e

tkR
a

l(s)ds


 e

tR
tk

l(s)ds

χ(tk,b](t)+

+
m−1∑
k=1

g1gk+1


 t1∫

a
κ(s)e

t1R
s

l(τ)dτ
ds + p e

t1R
a

l(s)ds


 e

tR
t1

l(s)ds

χ(tk+1,b](t)+

+
m−2∑
k=2

g2gk+1


 t2∫

a
κ(s)e

t2R
s

l(τ)dτ
ds + p e

t2R
a

l(s)ds


 e

tR
t2

l(s)ds

χ(tk+1,b](t)+

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

+gm−1gm




tm−1∫
a
κ(s)e

tm−1R
s

l(τ)dτ
ds + p e

tm−1R
a

l(s)ds


 e

tR
tm−1

l(s)ds

χ(tm,b](t)+

+
m−2∑
k=1

g1g2gk+2


 t1∫

a
κ(s)e

t1R
s

l(τ)dτ
ds + p e

t1R
a

l(s)ds


 e

tR
t1

l(s)ds

χ(tk+2,b](t)+

+
m−3∑
k=1

g2g3gk+3


 t2∫

a
κ(s)e

t2R
s

l(τ)dτ
ds + p e

t2R
a

l(s)ds


 e

tR
t2

l(s)ds

χ(tk+3,b](t)+

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

+gm−2gm−1gm




tm−2∫
a
κ(s)e

tm−2R
s

l(τ)dτ
ds + p e

tm−2R
a

l(s)ds


 e

tR
tm−2

l(s)ds

χ(tm,b](t)+

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

+g1g2 . . . gm


 t1∫

a
κ(s)e

t1R
s

l(τ)dτ
ds + p e

t1R
a

l(s)ds


 e

tR
t1

l(s)ds

χ(tm,b](t).

Çäåñü ÷èñëà gk, k = 1, 2, ..., m, óäîâëåòâîðÿþò íåðàâåíñòâó (4).
Îòìåòèì, ÷òî åñëè èìïóëüñíûå âîçäåéñòâèÿ îòñóòñòâóþò, òî ïðèâåäåííûå îöåíêè (10), (11)

ñîâïàäàþò ñ îöåíêîé À.Ô. Ôèëèïïîâà äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ âêëþ÷åíèé (ñì.
[4]).
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Abstract: For a functional-di�erential inclusion with impulses there is derived the solution estimate with
respect to a given piecewise continuous function. The estimate is analogous to that one of A.F. Filippov for
ordinary di�erential inclusions. Note that di�erential equations with impulses were studied in monographs [1�3].

Keywords: functional-di�erential inclusion; impulses; A.F. Filippov's estimate.
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ÍÅßÂÍÛÅ ÔÎÐÌÛ ÇÀÏÈÑÈ È ÍÅÏÐÅÐÛÂÍÛÅ ÀÏÏÐÎÊÑÈÌÀÖÈÈ
ÐÀÇÐÛÂÍÛÕ ÑÈÑÒÅÌ 1

c© È.À. Ôèíîãåíêî

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ðàçðûâíîé ïðàâîé ÷àñòüþ; ïðàâîñòîðîííåå óñëîâèå
Ëèïøèöà; ñêîëüçÿùèé ðåæèì; àïïðîêñèìàöèÿ Èîñèäû; çàïàçäûâàíèå.

Àííîòàöèÿ: Èññëåäóåòñÿ ìåòîä ïðåäñòàâëåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ðàçðûâíîé ïðàâîé ÷à-
ñòüþ â íåÿâíîé ôîðìå. Ìåòîä ñîãëàñóåòñÿ ñ èçâåñòíûìè ïîäõîäàìè, òàêèìè êàê ïðîñòåéøåå âûïóêëîå
äîîïðåäåëåíèå â ñìûñëå Ôèëèïïîâà, ìåòîä ýêâèâàëåíòíîãî óïðàâëåíèÿ. Â ðàìêàõ óñëîâèé òèïà ìîíî-
òîííîñòè íåÿâíûé ìåòîä ïîçâîëÿåò ïîëó÷àòü îäíîçíà÷íî îïðåäåëåííûå óðàâíåíèÿ äâèæåíèÿ ðàçðûâíûõ
ñèñòåì, â ÷àñòíîñòè � óðàâíåíèÿ ñêîëüçÿùèõ ðåæèìîâ. Ðàññìàòðèâàþòñÿ íåïðåðûâíûå àïïðîêñèìàöèè
Èîñèäû ðàçðûâíûõ ñèñòåì è îöåíêè äëÿ òî÷íûõ è àïïðîêñèìèðóþùèõ ðåøåíèé. Ýòè æå âîïðîñû èçó÷à-
þòñÿ äëÿ äèôôåðåíöèàëüíî-ðàçíîñòíûõ ðàçðûâíûõ ñèñòåì.

Èññëåäóþòñÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = f(t, x), (1)

ãäå x = (x1, . . . , xn), f = (f1, . . . , fn) è, êàê îáû÷íî, ẋ = (ẋ1, . . . , ẋn) � âåêòîð ïðîèçâîäíûõ
ẋi = dxi/dt. Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ f êóñî÷íî íåïðåðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ
(t, x) â íåêîòîðîé îáëàñòè Ω èç ïðîñòðàíñòâà Rn+1 è åå ìíîæåñòâà òî÷åê ðàçðûâà îïðåäåëÿþòñÿ
â âèäå ãëàäêèõ ãèïåðïîâåðõíîñòåé Mi = {(t, x) ∈ Ω : φi(x) = 0}, (i = 1, . . . ,m). Â êàæäîé òî÷êå
x ãðàäèåíòû ∇φj(x) ôóíêöèé φj(x) ñ èíäåêñàìè èç ìíîæåñòâà I(x) = {i ∈ (1, . . . , m) : φi(x) =
= 0} ëèíåéíî íåçàâèñèìû. Ïîä ðåøåíèåì óðàâíåíèÿ (1) ïîíèìàåòñÿ ðåøåíèå (â ñìûñëå À.Ô.
Ôèëèïïîâà [1]) äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ

ẋ ∈ F (t, x), (2)

ãäå F (t, x) � âûïóêëàÿ îáîëî÷êà âñåõ ïðåäåëüíûõ çíà÷åíèé ôóíêöèè f(t, x) â êàæäîé òî÷êå (t, x).
×åðåç Uδ(x0) = {x : ‖x− x0‖ < δ} îáîçíàåòñÿ δ-îêðåñòíîñòü òî÷êè x0. Óðàâíåíèå (1) èññëåäó-

åòñÿ â ðàìêàõ ñëåäóþùåãî óñëîâèÿ:
1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÑÎ ÐÀÍ (èíòåãðàöèîííûå ïðîåêòû � 85 è � 107)
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