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Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ðàçðûâíîé ïðàâîé ÷àñòüþ; ïðàâîñòîðîííåå óñëîâèå
Ëèïøèöà; ñêîëüçÿùèé ðåæèì; àïïðîêñèìàöèÿ Èîñèäû; çàïàçäûâàíèå.

Àííîòàöèÿ: Èññëåäóåòñÿ ìåòîä ïðåäñòàâëåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ðàçðûâíîé ïðàâîé ÷à-
ñòüþ â íåÿâíîé ôîðìå. Ìåòîä ñîãëàñóåòñÿ ñ èçâåñòíûìè ïîäõîäàìè, òàêèìè êàê ïðîñòåéøåå âûïóêëîå
äîîïðåäåëåíèå â ñìûñëå Ôèëèïïîâà, ìåòîä ýêâèâàëåíòíîãî óïðàâëåíèÿ. Â ðàìêàõ óñëîâèé òèïà ìîíî-
òîííîñòè íåÿâíûé ìåòîä ïîçâîëÿåò ïîëó÷àòü îäíîçíà÷íî îïðåäåëåííûå óðàâíåíèÿ äâèæåíèÿ ðàçðûâíûõ
ñèñòåì, â ÷àñòíîñòè � óðàâíåíèÿ ñêîëüçÿùèõ ðåæèìîâ. Ðàññìàòðèâàþòñÿ íåïðåðûâíûå àïïðîêñèìàöèè
Èîñèäû ðàçðûâíûõ ñèñòåì è îöåíêè äëÿ òî÷íûõ è àïïðîêñèìèðóþùèõ ðåøåíèé. Ýòè æå âîïðîñû èçó÷à-
þòñÿ äëÿ äèôôåðåíöèàëüíî-ðàçíîñòíûõ ðàçðûâíûõ ñèñòåì.

Èññëåäóþòñÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = f(t, x), (1)

ãäå x = (x1, . . . , xn), f = (f1, . . . , fn) è, êàê îáû÷íî, ẋ = (ẋ1, . . . , ẋn) � âåêòîð ïðîèçâîäíûõ
ẋi = dxi/dt. Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ f êóñî÷íî íåïðåðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ
(t, x) â íåêîòîðîé îáëàñòè Ω èç ïðîñòðàíñòâà Rn+1 è åå ìíîæåñòâà òî÷åê ðàçðûâà îïðåäåëÿþòñÿ
â âèäå ãëàäêèõ ãèïåðïîâåðõíîñòåé Mi = {(t, x) ∈ Ω : φi(x) = 0}, (i = 1, . . . ,m). Â êàæäîé òî÷êå
x ãðàäèåíòû ∇φj(x) ôóíêöèé φj(x) ñ èíäåêñàìè èç ìíîæåñòâà I(x) = {i ∈ (1, . . . , m) : φi(x) =
= 0} ëèíåéíî íåçàâèñèìû. Ïîä ðåøåíèåì óðàâíåíèÿ (1) ïîíèìàåòñÿ ðåøåíèå (â ñìûñëå À.Ô.
Ôèëèïïîâà [1]) äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ

ẋ ∈ F (t, x), (2)

ãäå F (t, x) � âûïóêëàÿ îáîëî÷êà âñåõ ïðåäåëüíûõ çíà÷åíèé ôóíêöèè f(t, x) â êàæäîé òî÷êå (t, x).
×åðåç Uδ(x0) = {x : ‖x− x0‖ < δ} îáîçíàåòñÿ δ-îêðåñòíîñòü òî÷êè x0. Óðàâíåíèå (1) èññëåäó-

åòñÿ â ðàìêàõ ñëåäóþùåãî óñëîâèÿ:
1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÑÎ ÐÀÍ (èíòåãðàöèîííûå ïðîåêòû � 85 è � 107)
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Ó ñ ë î â è å A. Äëÿ êàæäîé òî÷êè (t0, x0) ∈ Ω ñóùåñòâóþò ÷èñëà δ = δ(t0, x0) > 0 è l =
= l(t0, x0) > 0 òàêèå, ÷òî äëÿ ëþáûõ òî÷åê (t, x), (t, y) èç îáëàñòåé íåïðåðûâíîñòè ôóíêöèè f(t, x)
(âîçìîæíî ðàçíûõ îáëàñòåé äëÿ ðàçëè÷íûõ òî÷åê (t, x), (t, y)), óäîâëåòâîðÿþùèõ x, y ∈ Uδ(x0), è
ëþáîãî t ∈ [t0, t0 + δ), âûïîëíÿåòñÿ íåðàâåíñòâî

〈A(t, x)(x− y), f(t, x)− f(t, y)〉 6 l‖x− y‖2, (3)

ãäå A(t, x) = [aij(t, x)]ni,j=1 � íåêîòîðàÿ ñèììåòðè÷íàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ è íåïðåðûâíî
äèôôåðåíöèðóåìàÿ ìàòðèöà, 〈 ·, ·〉 � çíàê ñêàëÿðíîãî ïðîèçâåäåíèÿ è ‖ · ‖ � åâêëèäîâà íîðìà.

Åñëè A(t, x) = E � åäèíè÷íàÿ ìàòðèöà, òî óñëîâèå A ïåðåõîäèò â õîðîøî èçâåñòíîå ïðàâîñòî-
ðîííåå óñëîâèÿ Ëèïøèöà (ñì. [1, ñòð. 82]). Åñëè ê òîìó æå l = 0, òî íåðàâåíñòâî (3) íàçûâàåòñÿ
óñëîâèåì ìîíîòîííîñòè. Èñïîëüçîâàíèå â íåðàâåíñòâå (3) ìàòðèöû A(t, x) ìîæåò áûòü ïîëåçíî
ïðè èçó÷åíèè óðàâíåíèé âèäà

A(t, x)ẋ = f0(t, x) + g(t, x)

ñ ñèììåòðè÷íîé, ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé A(t, x) ïðè ïðîèçâîäíûõ, ÷òî õàðàêòåðíî,
íàïðèìåð, äëÿ óðàâíåíèé Ëàãðàíæà âòîðîãî ðîäà ïðè îïèñàíèè äâèæåíèÿ ìåõàíè÷åñêèõ ñèñòåì
ñ ðàçðûâíûìè äèññèïàòèâíûìè õàðàêòåðèñòèêàìè (ðåëåéíûìè óïðàâëåíèÿìè èëè êóëîíîâûìè
ñèëàìè òðåíèÿ).

Äëÿ êàæäîé òî÷êè (t, x) ðàçðûâà ôóíêöèè f(t, x) è ïðîèçâîëüíîãî âåêòîðà z ∈ Rn òàêîãî, ÷òî
〈∇φi(x), z〉 6= 0 ÷åðåç f̃(t, x; z) îáîçíà÷èì ïðåäåë ôóíêöèè f(t, x + hz) ïðè h → +0. Îïðåäåëèì
ìíîæåñòâî F̃ (t, x; z), êàê âûïóêëóþ îáîëî÷êó ïðåäåëüíûõ çíà÷åíèé îòîáðàæåíèÿ z′ → f̃(t, x; z′)
ïðè z′ → z. Ëåãêî âèäåòü, ÷òî F̃ (t, x; z) ⊂ F (t, x) è F̃ (t, x; 0) = F (t, x).

Ó ò â å ð æ ä å í è å 1. Ïóñòü âûïîëíÿåòñÿ óñëîâèå A. Òîãäà:
1. Ïðè ëþáûõ (t, x) ∈ Ω ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå z(t, x) âêëþ÷åíèÿ

z ∈ Γ̃(t, x; z)

è ïîëîæèòåëüíî îïðåäåëåííàÿ êâàäðàòè÷íàÿ ôîðìà v(z) = zA(t, x)zT ïðè z = z(t, x) äîñòè-
ãàåò ñâîåãî ìèíèìàëüíîãî çíà÷åíèÿ íà âûïóêëîì, êîìïàêòíîì ìíîæåñòâå F (t, x) èç ïðàâîé
÷àñòè (2). Â ÷àñòíîñòè, åñëè A(t, x) � åäèíè÷íàÿ ìàòðèöà, òî z(t, x) � áëèæàéøàÿ ê íà÷àëó
êîîðäèíàò òî÷êà ìíîæåñòâà F (t, x).

2. Äèôôåðåíöèàëüíîå âêëþ÷åíèå (2) è äèôôåðåíöèàëüíîå óðàâíåíèå

ẋ = z(t, x), z(t, x) ∈ H(t, x) (4)

ðàâíîñèëüíû â òîì ñìûñëå, ÷òî ìíîæåñòâà èõ ðåøåíèé Êàðàòåîäîðè ñîâïàäàþò.
3. Äëÿ ëþáîé òî÷êè (t0, x0) íàéäåòñÿ ïðîìåæóòîê [t0, t0+δ), íà êîòîðîì ëþáûå äâà ðåøåíèÿ

óðàâíåíèÿ (4) ñ íà÷àëüíûìè äàííûìè (t0, x0) ñîâïàäàþò.
Äëÿ êàæäûõ ôèêñèðîâàííûõ (t, x) è λ > 0 ÷åðåç z = Jλ(t, x) îáîçíà÷èì ðåøåíèå âêëþ÷åíèÿ

z ∈ x + λF (t, z) è ïóñòü Fλ(t, x) = (Jλ(t, x) − x)/λ. Îòìåòèì, ÷òî ôîðìàëüíî Jλ(t, x) è −Fλ(t, x)
ïðåäñòàâëÿþò ñîáîé ðåçîëüâåíòó è, ñîîòâåòñòâåííî, àïïðîêñèìàöèþ Èîñèäû äëÿ îòîáðàæåíèÿ
x → −F (t, x) ïðè êàæäîì ôèêñèðîâàííîì t.

Äëÿ ïðîèçâîëüíîãî ìíîæåñòâà Ω′ ⊂ Ω è ÷èñëà δ > 0 ÷åðåç Ω
′δ áóäåì îáîçíà÷àòü δ-îêðåñòíîñòü

ìíîæåñòâà Ω′.
Ó ò â å ð æ ä å í è å 2. Ïóñòü âûïîëíÿåòñÿ óñëîâèå A. Òîãäà:
1. Äëÿ ëþáîãî êîìïàêòíîãî ìíîæåñòâà Ω′ ⊂ Ω è ÷èñëà δ > 0 òàêîãî, ÷òî Ω

′δ ⊂ Ω ñóùå-
ñòâóåò ÷èñëî λ′ > 0 òàêîå, ÷òî äëÿ ëþáûõ λ ∈ [0, λ′] îïðåäåëåíî íåïðåðûâíîå îòîáðàæåíèå
(λ, t, x) → Fλ(t, x) ëèïøèöåâîå ïî x ñ êîíñòàíòîé L = 1/λ è äëÿ ëþáîé ôèêñèðîâàííîé òî÷êè
(t, x) ∈ Ω′ ïðè λ → +0 âûïîëíÿåòñÿ: Fλ(t, x) → z(t, x).
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2. Äëÿ ëþáûõ íà÷àëüíûõ äàííûõ (t0, x0) ∈ Ω íà íåêîòîðîì ïðîìåæóòêå [t0, t1] îïðåäåëåíû
ðåøåíèå x(t) âêëþ÷åíèÿ (2) è ðåøåíèå xλ(t) óðàâíåíèÿ

ẋ = Fλ(t, x)

äëÿ êàæäîãî λ ∈ (0, λ′] è ñóùåñòâóåò êîíñòàíòà K > 0 òàêàÿ, ÷òî ‖xλ(t) − x(t)‖2 6 λK äëÿ
ëþáûõ λ ∈ (0, λ′] è t ∈ [t0, t1].

Àíàëîãè÷íûå âîïðîñû ðàññìàòðèâàþòñÿ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì
ẋ(t) = f(t, x(t), x(t− τ)).
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Abstract: The method of representation of the di�erential equations with a discontinuous right-hand part
in the implicit form is investigated. The method will be coordinated to known approaches, such as the convex
de�nition in sense of Filippov, a method of equivalent control. Within the framework of conditions of monotony
the implicit method allows to receive one-digit equations of movement of discontinuous systems, in particular
- the equations of sliding modes. Continuous approximations of Yosida for explosive systems and estimations
for exact and approximating solutions are considered. The same questions for delay di�erential equations are
stuied.
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