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Êëþ÷åâûå ñëîâà: âåñîâûå ôóíêöèîíàëüíûå ïðîñòðàíñòâà; ðàçëîæåíèå ôóíêöèè â ðÿä.
Â äàííîé ðàáîòå ïîëó÷åíû óñëîâèÿ, îáåñïå÷èâàþùèå ñõîäèìîñòü ÷èñëîâûõ ðÿäîâ, ñîñòàâ-
ëåííûõ èç êîýôôèöèåíòîâ Ôóðüå ðàçëîæåíèÿ ôóíêöèè ϕ ∈ Hs+1

k,+ (Ω+) â ðÿä Ôóðüå ïî
ñèñòåìå ñîáñòâåííûõ ôóíêöèé, à òàêæå íàéäåíî óñëîâèå ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿ-
äà

∑∞
p=1 ϕpvp â âåñîâîì ôóíêöèîíàëüíîì ïðîñòðàíñòâå Hs+1

k,+ (Ω+).

Ïóñòü Rn+1
+ =

{
x ∈ Rn+1 : x = (x1, ..., xn, y) = (x′, y), x′ ∈ Rn, y > 0, y ∈ R}

, Ω+ � ïðîèçâîëü-
íàÿ îáëàñòü ïðîñòðàíñòâà Rn+1

+ , îãðàíè÷åííàÿ ãèïåðïëîñêîñòüþ Γ0 : y = 0 è ïðîèçâîëüíîé ïî-
âåðõíîñòüþ Γ+ òèïà Ëÿïóíîâà. Â îáëàñòè Ω+ ðàññìàòðèâàåòñÿ îïåðàòîð

P (Dx′ , By) =
∑n

i,j=1 aij
∂2

∂xi∂xj
+ bBy + c,

By = ∂2

∂y2 + k
y

∂
∂y , k>0, c6 0,

(1)

ãäå P (Dx′ , By) � îïåðàòîð B -ýëëèïòè÷åñêîãî òèïà ([1]):
ñóùåñòâóåò δ > 0, òàêîå, ÷òî äëÿ ëþáîãî q = (q1, ..., qn+1), |q| 6= 0, èìååò ìåñòî íåðàâåíñòâî

n∑

i,j=1

aijqiqj + bq2
n+1 > δ |q|2 , aij = aji. (2)
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Ñëåäóÿ [5], ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:
Cs

+(Ω+
⋃

Γ0) � ìíîæåñòâî ôóíêöèé, s ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ â îáëàñòè Ω+
⋃

Γ0,
÷åòíûõ ïî ïåðåìåííîé y;
Hs

k,+(Ω+)� çàìûêàíèå ìíîæåñòâà Cs
+(Ω+

⋃
Γ0) ïî íîðìå

||u||2Hs
k,+

=
∫

Ω+

|u|2 ykdx +
∑

|α|=s

∫

Ω+

∣∣∣∣Dα′
x′

∂αn+1u

(y∂y)αn+1

∣∣∣∣
2

yk+2αn+1dx, (3)

ãäå |α| = α1 + ... + αn + αn+1, α = (α1, ..., αn+1), αi � öåëûå íåîòðèöàòåëüíûå ÷èñëà,

Dx′ = (Dx1 , ..., Dxn), Dxj =
∂

∂xj
, j = 1, 2, ..., n;

L2,k(Ω+) � ïðîñòðàíñòâî ôóíêöèé, êâàäðàòè÷íî ñóììèðóåìûõ ñ âåñîì yk ïî îáëàñòè Ω+, â êî-

òîðîì ââåäåíà åñòåñòâåííàÿ íîðìà. Ïîëîæèì H0
k,+(Ω+) = L2,k(Ω+);

◦
C1

+(Ω+
⋃

Γ0)� ïîäìíîæåñòâî

ôóíêöèé ïðîñòðàíñòâà C1
+(Ω+

⋃
Γ0), ðàâíûõ íóëþ âáëèçè ïîâåðõíîñòè Γ+;

◦
H1

k,+(Ω+) � çàìûêàíèå

ïîäìíîæåñòâà
◦

C1
+(Ω+

⋃
Γ0) ïî íîðìå ïðîñòðàíñòâà H1

k,+(Ω+).
Ïóñòü vp(x′, y)� ñîáñòâåííûå ôóíêöèè, à λp � ñîîòâåòñòâóþùèå ñîáñòâåííûå çíà÷åíèÿ êðàåâîé

çàäà÷è P (Dx′ , By)v + λv = 0, ∂v
∂y

∣∣∣
Γ0

= 0, v|Γ+ = 0, x ∈ Ω+.
Ñóùåñòâîâàíèå ñèñòåìû ñîáñòâåííûõ çíà÷åíèé λp è ñîîòâåòñòâóþùèõ èì ñîáñòâåííûõ ôóíê-

öèé vp(x′, y), ÷åòíûõ ïî ïåðåìåííîé y, íåïðåðûâíî äèôôåðåíöèðóåìûõ â îáëàñòè Ω+ ñêîëü óãîä-
íîå ÷èñëî ðàç, äîêàçàíà â ðàáîòàõ [2, 3] . Ñèñòåìà ôóíêöèé vp(x′, y) ïëîòíà â ïðîñòðàíñòâå
L2,k(Ω+).

Îáîçíà÷èì ÷åðåç ϕp êîýôôèöèåíòû Ôóðüå ðàçëîæåíèÿ ôóíêöèè ϕ(x′, y) â ðÿä Ôóðüå ïî ñè-
ñòåìå ñîáñòâåííûõ ôóíêöèé {vp(x′, y)}, (p = 1, 2, ...).

Â äàííîé ðàáîòå ïîëó÷åíû óñëîâèÿ, îáåñïå÷èâàþùèå ñõîäèìîñòü ÷èñëîâûõ ðÿäîâ, ñîñòàâëåí-
íûõ èç êîýôôèöèåíòîâ Ôóðüå ðàçëîæåíèÿ ôóíêöèè ϕ ∈ Hs+1

k,+ (Ω+) â ðÿä Ôóðüå ïî ñèñòåìå ñîá-
ñòâåííûõ ôóíêöèé, à òàêæå íàéäåíî óñëîâèå ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà

∑∞
p=1 ϕpvpâ âå-

ñîâîì ôóíêöèîíàëüíîì ïðîñòðàíñòâå Hs+1
k,+ (Ω+).

Ë å ì ì à 1. Ïóñòü ôóíêöèÿ ϕ ∈ Hs+1
k,+ (Ω+) óäîâëåòâîðÿåò óñëîâèþ:

ôóíêöèèϕ, Pϕ,. . . , P [ s
2 ]ϕ ïðèíàäëåæàò ïðîñòðàíñòâó

◦
H1

k,+(Ω+).
Òîãäà äëÿ ôóíêöèè ϕ ñïðàâåäëèâû íåðàâåíñòâà:

ïðè ÷åòíîì s

∞∑

p=1

ϕ2
pλ

s+1
p 6

∫

Ω+




n∑

i,j=1

aij
∂

∂xi

(
P

s
2 ϕ

) ∂

∂xj

(
P

s
2 ϕ

)
+ b

(
P

s
2 ϕ

)2
− c

(
P

s
2 ϕ

)2


 ykdx′, (4)

ïðè íå÷åòíîì s

∞∑

p=1

ϕ2
pλ

s+1
p 6

∫

Ω+

(
P

s+1
2 ϕ

)2
ykdx′. (5)

×èñëîâûå ðÿäû, ñòîÿùèå â ëåâûõ ÷àñòÿõ (4) è (5), ñõîäÿòñÿ.

Ë å ì ì à 2. Áèëèíåéíûé ðÿä âèäà
∞∑

p=1

v2
p(x)λ

−[n+k+1
2 ]−1

p , (7)
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ãäå
[

n+k+1
2

]
öåëàÿ ÷àñòü ÷èñëà n+k+1

2 , ñõîäèòñÿ ðàâíîìåðíî âî âñåé çàìêíóòîé
îáëàñòè Ω̄+.

Ò å î ð å ì à. Åñëè äëÿ ôóíêöèè ϕ ∈ Hs+1
k,+ (Ω+) âûïîëíÿþòñÿ óñëîâèÿ ëåììû 1 è óñëîâèÿ ëåì-

ìû 2, òî ôóíêöèÿ ϕ ïðåäñòàâèìà â âèäå ðÿäà
∑∞

p=1 ϕpvp, àáñîëþòíî è ðàâíîìåðíî ñõîäÿùåãîñÿ
ê ôóíêöèè ϕ â çàìêíóòîé îáëàñòè Ω̄+.

ËÈÒÅÐÀÒÓÐÀ

1. Êèïðèÿíîâ È. À. Î êðàåâûõ çàäà÷àõ äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ äèôôåðåíöèàëüíûì îïåðà-
òîðîì Áåññåëÿ // ÄÀÍ ÑÑÑÐ. 1964. Ò. 158. � 2.

2. Êèïðèÿíîâ È.À. Àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé îäíîãî
êëàññà ñèíãóëÿðíûõ ýëëèïòè÷åñêèõ îïåðàòîðîâ // Òðóäû ÌÈÀÍ ÑÑÑÐ. 1972. Ò. 117.

3. Êàòðàõîâ Â.Â. Î çàäà÷å íà ñîáñòâåííûå çíà÷åíèÿ äëÿ ñèíãóëÿðíûõ ýëëèïòè÷åñêèõ îïåðàòîðîâ // ÄÀÍ
ÑÑÑÐ. 1972. Ò. 207. � 2.

4. Êèïðèÿíîâ È.À. Ïðåîáðàçîâàíèÿ Ôóðüå-Áåññåëÿ è òåîðåìû âëîæåíèÿ äëÿ âåñîâûõ êëàññîâ // Òðóäû ÌÈÀÍ
ÑÑÑÐ. 1967. Ò.89.

ÁËÀÃÎÄÀÐÍÎÑÒÈ: Ðàáîòà ïîääåðæàíà ãðàíòàìè Ðîññèéñêîãî Ôîíäà Ôóíäàìåíòàëüíûõ Èñ-
ñëåäîâàíèé (� 07-01-00305, 09-01-97503), Íàó÷íîé Ïðîãðàììîé "Ðàçâèòèå Íàó÷íîãî Ïîòåíöèàëà
Âûñøåé Øêîëû"(ÐÍÏ � 2.1.1/1131), è âêëþ÷åíà â Òåìïëàí � 1.6.07.

Ïîñòóïèëà â ðåäàêöèþ 12 íîÿáðÿ 2009 ã.

Sazonov A.Yu., Fomicheva Yu.G. On a Fourier expansion procedure for functions from some classes of weight
potentials. Conditions for convergence of numerical series, consisting of function's ϕ ∈ Hs+1

k,+ (Ω+) Fourier's
coe�cients by system of eigenfunctions and conditions for convergence of series

∑∞
p=1 ϕpvp in weight functional

space Hs+1
k,+ (Ω+).

Key words: weight functional space; function expansion procedure.

404


