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For a holomorphic function from the unit disc into itself, the well known Harald Bohr’s
theorem estimates the sum of absolute values of its Taylor components. In the paper, this
result is generalized to bounded circled symmetric domains

Keywords: bounded symmetric domains, automorphisms, Taylor expansion, holomorphic
maps

§ 0. Introduction

0.1. The following theorem was proved by Harald Bohr [1] for |z| < 1/6, then soon
improved to |z| < 1/3 from remarks by M. Riesz, I. Schur, F. Wiener *:

Theorem 1 (Bohr 1914) Let A C C be the unit disc |z| < 1. Let f: A — A be a
holomorphic function from the disc into itself with the Taylor expansion

f(2) =ag+ a1z +az* +....
Then

Z ‘akzk‘ <1 (1)
k=0
for |z| < 1/3. The value 1/3 is optimal.

This result has been extended by Liu Taishun and Wang Jianfei (]3], 2007) to
the bounded symmetric domains of the four classical series, and to polydiscs, using
a case-by-case analysis, as follows:

Theorem 2 Let €2 be an irreducible bounded symmetric domain of classical type in
the sense of Hua Luokeng [4], or a polydisc. Denote by | || the Minkowski norm
associated to ). Let f : Q0 — Q be a holomorphic map and let

f(2) =) f(2)

1See [2] for biographical elements about Friedrich Wiener.

1729



Bectuuk TTVY, T. 16, BbIim. 6, 4.2, 2011

be its Taylor expansion in k-homogeneous polynomials fr. Let ¢ € AutQ such that

o(f(0)) =0. Then

— [1Do(f(0)) - fu(2)lg
; Do O)la (2)

for all z such that ||z||, < 1/3.
For ||z||q > 1/3, there exists a holomorphic map f : Q — Q such that (2) is not
true.

In [5], we give a classification independent proof of this result, which is valid for
any bounded circled symmetric domain.

0.2. In the above generalization of Bohr’s theorem, one considers the Taylor
expansion

f(2)=> fi(2)

of a bounded holomorphic function or map, and one asks for which z the inequality
(2) holds. One may ask the same type of question for other decompositions of f. For
example, the following problem has been considered recently by several authors:

Problem 1. Let 2 be the unit ball of the ¢ norm:

0= {(2’1,--- ,zn)EC”|Z|zk|p<1}.
k=1

Let f : & — A be a holomorphic function and consider the expansion of f in

monomials
o0

f(z) = Z Uy 20 2R

Determine the best constant K such that z € K ensures

o

E |ak1...anfl e ZS" <1

for all f:Q — A.

For results about this type of problem, see [6], [7], [8], [9], [10], [11].

§ 1. H. Bohr’s theorem

1.1. We present here a rather elementary proof of Bohr’s theorem (Theorem 1),
based on a lemma of F. Wiener. There are other proofs of Bohr’s theorem in the
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literature, for example by S. Sidon ([12], 1927), following L. Fejér’s method of positive
kernels [13]; the same proof was published later by M. Tomié ([14], 1962).

For a holomorphic function f : A — A with Taylor expansion f(z) = > p, ax2",
denote by M(f,r) the sum of absolute values:

M(for) =Y |ax|r*.

k=0

Lemma 1 (F. Wiener) Let f : A — A be a holomorphic function, with Taylor
expansion f(z) =Y oo axz®. Then for all k > 0,

Jax| <1 —Jaol*. (3)
See [15] for an elementary proof of this lemma.

Proof of Bohr’s theorem. (a) Direct part. Using (3), we deduce

> T
M(f,r) = laxl r* < laol + (1 — astip) =
k=0
and, for r < 1/3,
1 - 1 )
M(f,7) < |ao\+§(1—aoao)=1—§(1—\@0\ ) <1,

as |ao| = [f(0)] < 1.
(b). To prove that the bound 1/3 in Theorem 1 cannot be improved, one
considers, for 0 < a < 1, the function

a—z

f(z) =

11— az

and one checks easily that 9%(r) > 1 when r > (1+2a)™ ! as (1+2a)™! = 1/3+0
when o — 1 — 0, there exists for each r > 1/3 a holomorphic function f: A — A
such that M(f,r) > 1. O

1.2. Generalizations in dimension 1. Other Bohr type theorems hold in
dimension 1 for various classes of holomorphic functions f : A — A. Consider
the following classes of analytic functions on the unit disc:

Fm:{f:A%Alf(z):Zakzk} (m € N),

~Fm,oz

{f:A—>A|f(z):ozzm+iakzk} (meN, 0<a<l).

k=m+1
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Define the bounding functions

My (r) =sup{M(f,7) | f € Fu}  (meN),
M ol(r) =sup {M(f,7) | f € Fna}  (meN, 0<a<l)

and the corresponding Bohr numbers by

B, =sup{r | M, (r) < 1},
Byo =sup{r | M, .(r) < 1}.

With these notations, the original Bohr theorem means that By = 1/3.
In [14] (1962), M. Tomi¢ uses an analogue of the argument in [12] (Sidon, 1927)

to prove that
1

By > 3"
An elementary proof for this, which uses another result of L. Fejér ([16], 1914),
can already be found in a note of E. Landau ([17], 1925). In [18] (1955), G. Ricci
considered a wide class of problems of the same type and proved, among other

results, the estimate

The exact value

was given by E. Bombieri ([19], 1962). The estimate B, > 3/5 follows from Wiener’s
lemma, but the exact value B; = 1/ V2 is obtained by another lemma of E. Landau,
which is easily proved using Cauchy-Schwarz inequality:

Lemma 2 (E. Landau 1913)

1
M < ,
O(T) m
93?1(7") < "

Sl

Note that the first estimate does not give any information about By, while the
second provides the exact value of B;.

1.3. More generalizations Estimates for the B,,’s and the B,,,’s are given in
(]18], 1955) and ([19], 1962) by G. Ricci and E. Bombieri; these results, including the
above result about Bj, are ignored in most of recent papers about Bohr’s theorem.
Let us cite some results about 9My(r):

(1) (Bombieri [19], 1962)
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(2) (Bombieri-Bourgain [20], 2004)

9ﬁo(r)<ﬁ (%<r<1>.

(3) (Bombieri-Bourgain [20], 2004) For ¢ > 0, there exists C'(¢) > 0 such that,

asr —1—0,
1 1 (3/2)+¢
Mo(r) > m—C(s) <ln1_r) :

§ 2. H. Bohr’s theorem for bounded symmetric domains

2.1. Let 2 C V be a bounded circled homogeneous domain in a finite dimensional
complex vector space V. Denote by | |, the spectral norm associated to €.
For notations and results about complex bounded symmetric domains and their
associated Jordan triple structure, see [21], [22].

The main result in [3] is Theorem 2, which is proved there for domains of type
I (rectangular matrices) and for polydiscs.

This theorem is valid for any bounded circled homogeneous domain.

2.2. Differential of automorphisms. The proof in 3] depends on the following
result, which is proved by the authors for classical domains of type I and IV, using ad
hoc computations, but which is valid for any bounded circled homogeneous domain:

Theorem 3 Let Q C V be a bounded circled symmetric domain. Let ||-||q be the
associated spectral norm on V. Let w € Q and let ¢ € AutQ such that ¢(u) = 0.
Then the operator norm of the derivative of ¢ at u is

1
[do(w)llg = - (4)
1= lullg
moreover,
__ullg
[d¢(u)llg = 7 (5)
1= lullg

Sketch of proof. Denote by { , , } the Jordan triple product on V, by D(z,y)
and Q(z) the operators defined by D(z,y)z = {xyz} and 2Q(x)y = {xyx}, by

B(z,y) = idy — D(x,y) + Q(z)Q(y)

the Bergman operator (see [21]). For u € V, denote by 7, the translation z — z +u
and by 7, the rational map
Tu(2) = 2%,
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where 2" is the quasi-inverse

2 =B(z,u) " (2 = Q(2)u),

defined in the open set of points z such that B(z,u) is invertible.
For u € €, the map

bu = Tu © B(u, u)_1/2 0Ty (6)

is an automorphism of 2 which sends u to 0. The derivative of ¢, at u is then

dgu(u) = B(u,u)"'/2. (7)

(Recall that for u € Q, the operator B(u, ) is positive (with respect to the Hermitian
scalar product on V: (x| y) = trD(x,y)), so that B(u,u)~"/? is well defined). Denote
by || || the Hermitian norm on V (||z||> = trD(z,2)) and by || || the associated
operator norm for linear endomorphisms of V. The spectral norm || ||, on V is given
by

21l = 1)1 (8)

the unit ball of this norm is 2. We denote also by || ||, the associated operator norm
for linear endomorphisms of V.

Using the spectral decomposition of u, the expression of B(u,u) in the associated
Peirce decomposition, the relation (8) and the relation

Q(B(u,u)""?z) = B(u,u)"*Q(2) B(u,u) ™'/, (9)
one obtains .
B2, = B2 = ——y (10
1 — [ullg,
The theorem easily follows. 0

Let €2 be a bounded circled symmetric domain. Let f : € — € be a holomorphic

map. Denote by
= h(2)
k=0

its Taylor expansion in homogeneous polynomials f; of order k. The following lemma
generalizes Lemma 1 to bounded symmetric domains.

Lemma 3 Let u = f(0) and let ¢ € Aut$Q such that ¢p(u) = 0. Then

ldé(w) - fil2)llg < ll=llg - (11)

See [5] for the proof. Along the same lines as in [3|, one then proves, using this
lemma:
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Proposition 1 Let Q) be a bounded circled symmetric domain. Let u € Q and let
¢ € Aut Q such that ¢(u) = 0.Then

= [ldo(u) - fi(2)llg
2 dotl, (12)

for all f: Q2 — Q such that f(0) = u and for all z such that ||z]|q < (2 + |lullg) ™"

One proves also (see [5]):

Proposition 2 Let Q) be a bounded circled symmetric domain. Let u € Q and let
¢ € Aut Q such that ¢(u) = 0. Assume |ullq > 1/3 and (142 |lullg) ™ <a < 1.

Then there exist a holomorphic map f : Q — Q with f(0) = u and z € Q with
2]l = a, such that

4ot - Sl _
Z Hd¢ HQ -

Proof of Theorem 2. Proposition 1 shows that inequality (12) is satisfied for all
maps f : Q — Q and all z such that ||z]|q, < 1/3. As (1 + 2Jullq)™* — 1/3 as
|ullq, = 1 — 0, proposition 2 implies that 1/3 is the optimal bound. O

2.3. Some open questions.
Problem 2. Let f: Q2 — Q be a holomorphic map.

(1) With the assumption f(0) = 0, Theorem 2 gives

ijﬁ Mo <1

for all z such that ||z]|, < 1/2. Is the optimal bound equal to 1/4/2, as proved by
E. Bombieri [19] in the one dimensional case?

(2) What is the same optimal bound for all maps f satisfying f(0) = w, with
u € () fixed? Propositions 1 and 2 show that this optimal bound belongs to the
segment
1 1
2+ |lullg " 1+ 2]lullg

In the one dimensional case, this is Ricci’s estimate (see [18]). But Bombieri’s results
for the one dimensional case show that this estimate may be sharpened: in particular,
the optimal bound in dimension one is 1/v/2 when u = 0, and (1 + 2 |Ju||;,)~* when
1/2 < ||lullg < 1.
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For © a bounded circled symmetric domain, a natural problem generalizing
H. Bohr’s problem would be the following.

Problem 3. Let Q C V be a bounded circled symmetric domain of rank r. Let
f : Q — Q be a holomorphic map and consider the Schmid decomposition of its
Taylor expansion
f(Z) = Z fklkr(z)
k1>..2k-20
(where the fy, k. ’s are polynomials in the irreducible K-modules for the linear
subgroup K of Aut (). Determine the best constant C' such that z € CQ) ensures

S Mo 2)llg < 1

kl>kr>0

for all holomorphic maps f : 2 — Q.

References

1. H. Bohr. A theorem concerning power series, Proc. London Math. Soc. (2),
1914, vol. 13, 1-5.

2. H. P. Boas, D. Khavinson. Vita: Friedrich Wilhelm Wiener. Math. Intell., 2000,
vol. 22, No. 2, 73-75.

3. Taishun Liu, Jianfei Wang. An absolute estimate of the homogeneous
expansions of holomorphic mappings. Pacific J. Math., 2007, vol. 231, No. 1, 155—
166.

4. Hua, L. K. (Hua, Luo-Keng). Harmonic analysis of functions of several
complex variables in the classical domains. Transl. from the Russian, which was a
translation of the Chinese orig., by Leo Ebner and Adam Koranyi. With a foreword
by M. I. Graev. Reprint of the 1963 edition. iv+186 p. Translations of Mathematical
Monographs, 6. American Mathematical Society, Providence, R.I. 1979.

5. G. Roos. H. Bohr’'s theorem for bounded symmetric domains.
arXiv:0812.4815 v2 [math.DG], 9 Apr 20009.

6. S. Dineen, R. M. Timoney. Absolute bases, tensor products and a theorem of
Bohr, Studia Math., 1989, vol. 94, No. 3, 227-234.

7. S. Dineen, R. M. Timoney. On a problem of H. Bohr, Bull. Soc. Roy. Sci.
Liege, 1991, tome 68, No. 6, 401-404.

8. H. P. Boas, D. Khavinson. Bohr’s power series theorem in several variables,
Proc. Amer. Math. Soc., 1997, vol. 125, No. 10, 2975-2979.

9. L. Aizenberg. Multidimensional analogues of Bohr’s theorem on power series,
Proc. Amer. Math. Soc., 2000, vol. 128, No. 4, 1147-1155.

1736



Becrauk TTV, T.16, Boin. 6, .2, 2011

10. H. P. Boas. Majorant series, J. Korean Math. Soc., 2000, vol. 37, No. 2,
321-337.

11. A. Defant, D. Garcia, M. Maestre. Bohr’s power series theorem and local
Banach space theory. J. Reine Angew. Math., 2003, Band 557, 173-197.

12. S. Sidon. Uber einen Satz von Herrn Bohr, Math. Z., 1927, Band 26, No. 1,
731-732.

13. L. Fejér. Uber die Positivitdt von Summen, die nach trigonometrischen oder
Legendreschen Funktionen fortschreiten. I, Acta Szeged, 1925, vol. 2, 75-86.

14. M. Tomi¢. Sur un théoréme de H. Bohr, Math. Scand., 1962, vol. 11, 103-106.

15. E. Landau. Darstellung und Begriindung einiger neuerer Ergebnisse der
Funktionentheorie, 2. Aufl., Julius Springer, Berlin, 1929.

16. L. Fejér. Uber gewisse durch die Fourier’sche und Laplace’sche Reihe
definierten Mittelkurven und Mittelflichen. Palermo Rend. (1), 1914, vol. 38, 79-97.

17. E. Landau. Uber einen Fejérschen Satz. Nachrichten Gottingen, 1925, 22.

18. G. Ricci. Complementi a un teorema di H. Bohr riguardante le serie di
potenze. Rev. Un. Mat. Argentina, 1956, vol. 17, 185-195.

19. E. Bombieri. Sopra un teorema di H. Bohr e G. Ricci sulle funzioni
maggioranti delle serie di potenze. Boll. Unione Mat. Ital., III Ser., 1962, vol. 17,
276-282.

20. E. Bombieri, J. Bourgain. A remark on Bohr’s inequality. Int. Math. Res.
Not., 2004, vol. 80, 4307-4330.

21. O. Loos. Bounded symmetric domains and Jordan pairs, Math. Lectures,
Univ. of California, Irvine, CA, 1977.

22. G. Roos. Jordan triple systems. in: J. Faraut et al., Analysis and geometry on
complex homogeneous domains, Prog. Math., 185, Birkhauser, Boston, MA, 2000,
425-536

1737



	тех 16-6-11, ч.2_Molchanov_Japan

