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We present a canonical way to construct an injective representation of a given clan (compact
normal left symmetric algebra), which gives rise to the realization of a homogeneous cone
in the space of real symmetric matrices by Rothaus [5] and Xu [8]
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§ 1. Introduction

Since Vinberg [7]| established the correspondence between homogeneous cones
and clans (compact normal left symmetric algebra) with unit elements, the clans
are convenient tools for the study of geometry and analysis on the homogeneous
cones. The correspondence is in a sense similar to the one between Lie groups
and Lie algebras, and also the one between symmetric cones and Euclidean Jordan
algebras. In this article, we shall consider representations of clans and their relations
to representations of homogeneous cones in the sense of Rothaus [5]. After some
preliminaries in § 2, we see in § 3 that a representation of a clan is at the same time
a representation of a homogeneous cone(Proposition 1), while every representation
of a homogeneous cone is obtained as a composition of a representation of the
associated clan with some linear transformations (Theorem 2). In § 4, we construct

representations Ry, ..., R, of a given clan V in a canonical way (Theorem 3). These
Ry, already appeared in [4, Section 4], and we refer some computational arguments
about them to [4]. Taking the direct sum of Ri,...,R,, we have an injective

representation R of the clan V' (Theorem 4). Then R gives a linear imbedding
of the corresponding homogeneous cone into the space of real symmetric matrices,
which coincides with the results by Rothaus [5] and Xu [8] eventually.

§ 2. Correspondence between clans and homogeneous cones

Let V be a finite dimensional real vector space, and €2 C V an open convex
cone containing no line. We assume that ) is homogeneous, that is, the group
GL(Q) := {g € GL(V); g2 = Q} acts on 2 transitively. By |7, Chapter 1, Theorem
1], there exists a connected split solvable Lie subgroup H C GL(€2) which acts on
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simply transitively. Such H is unique up to conjugacy in GL(2). Let h C End(V') be
the Lie algebra of H, and fix a point F in ). Then we have the linear isomorphism
h> L L-FE €V obtained by differentiating the orbit map H > h — h - E € Q.
Thus, for an element x € V, there exists a unique L, € h for which L, - F = x.
We define a bilinear multiplication A on V by xAy := L, -y € V, z,y € V. Then
the algebra (V,A) is a clan (compact normal left symmetric algebra) with a unit
element F. Namely, the following axioms are satisfied:

(C1) Putting [zAyAz] := 2 A(yAz) — (xAy) Az for x,y,z € V', one has [ztAyAz] =
[yAxNz] (left symmetry).

(C2) The bilinear form (x|y) := tr Lyay (z,y € V) defines a positive definite inner
product on V' (compactness).

(C3) For each x € V, the linear operator L, on V has only real eigenvalues
(normality).

In terms of the clan structure (V, A), the cone Q is described as Q = {(exp L,) - F';
x € V}. Actually, if we start from any clan (V, A) with a unit element E € V, we
obtain a homogeneous cone in V' this way, and the correspondence between the class
of homogeneous cones and the class of clans with unit elements is one-to-one up to
isomorphisms (|7, Chapter 2, Theorem 2]).

Let us give an example of a homogeneous cone. We denote by Sym(m,R) the
space of real symmetric matrices of size m, and by S;} the subset of Sym(m,R)
consisting of positive definite elements. Then S is a homogeneous cone, on which
the group GL(m,R) acts transitively by ¢g -z := gz'g, z € S}, g € GL(m,R)). Let
H,, € GL(m,R) be the group of lower triangular matrices with positive diagonals.
Then the Lie algebra b, of H,, is the vector space of lower triangular matrices. For
x € Sym(m,R), we define z € b, by

0 (i <),
(@)ij == za/2 (i=]),
Lij (i >7),

and set T := ‘z. We choose the unit matrix I,,, as the element E. Then the clan
structure on Sym(m,R) associated to the cone S} is given by

tAy=ry+yT, x,y€Sym(r,R).

By a representation of a clan (V, /), we mean an algebra homomorphism from
V' to Sym(m,R) with some m, that is, a linear map ¢ : V' — Sym(m, R) with the
property

p(xly) = ¢(x) d(y) + o(y) d(x)  (z,y € V). (2.1)

We require also ¢(E) = I, if (V, A\) has a unit element F, which we always assume
unless otherwise stated in what follows.
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§ 3. Representations of homogeneous cones

We recall the notion of representation of a homogeneous cone introduced by
Rothaus [5]. Let © be a homogeneous cone in a real vector space V. A linear map
¢V — Sym(m,R) is said to be a representation of the homogeneous cone € if the
following two conditions are satisfied:

(R1) ¢(2) C S5

(R2) the group G,(2) consisting of g € GL(2) for which there exist § € GL(m,R),
such that ¢(g-y) = go(y)'g for all y € V, acts on § transitively.

Proposition 1 Let Q C V' be a homogeneous cone, and (V, ) the associated clan.
If a linear map ¢ : V. — Sym(m,R) is a representation of the clan (V, ), then ¢ is
a representation of the homogeneous cone §2.

Proof. We see from the relation (1) that

o(exp L) - y) = (exp 6(2)) 6(y) (exp9(@)) .y € V. (3.2

Since b = {L,;x € V} is split solvable, exp : h — H is a diffeomorphism. Thus, for
any h € H, there exists x € V for which h = exp L,. Putting h := exp ¢(x) € H,,,

we have ¢(h-y) = ho(y)th (y € V), so that h € G4. Thus Gy contains H, which
acts on € transitively. On the other hand, we have ¢(h - E) = h'h € S;}. Therefore
»(Q2) C S;F and Proposition 1 is verified. O

Proposition 1 means that a representation of clan is automatically a
representation of homogeneous cone. On the contrary, a representation of
homogeneous cone is not necessarily a representation of clan in general. All
representations of a homogeneous cone {2 are obtained from representations of the

associated clans by taking compositions with linear automorphisms on the cones {2
and S;f.

Theorem 2 Let ¢ : V — Sym(m,R) be a representation of a homogeneous cone
Q. Then there exist elements go € GL(Q2), Ay € GL(m,R) and a representation
¢o : V — Sym(m,R) of the clan (V, ) for which

¢(z) = Ao do(go - ©) Ay, zEV. (3.3)
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Proof. Let G4(©2,R™) be the group given by
Gs(2,R™) == {(g,9) € GL(Q) x GL(m,R); ¢(g-y) = go(y) ‘g for ally € V'}.

By definition, we have a surjective homomorphism 7 : G4(©2, R™) — G4(Q2) mapping
(9,9) to g. Let G be the identity component of G,(£2,R™). Since G is the identity
component of an algebraic group, we have a decomposition G = HIC with HNK =
{e}, where H is a maximal connected split solvable subgroup and K is a maximal
compact subgroup [6]. Without loss of generality, we can assume that Kerm C K.
Then 7 : H — w(H) =: Hy C G, is an isomorphism. In other words, we can define
a representation o : Hy — GL(m,R) in such a way that (h,o(h)) € H for h € Hy.
Since Hy is split solvable, the representation o is simultaneously triangularizable,
that is, there exists A; € GL(m,R) for which A,0(h)A;* € H,,, h € Hy. On the
other hand, the groups H, and H are conjugate in GL(Q2), so that we can take
g1 € GL(Q) for which Hy = g1Hg;'. Noting that A, (g1 - F)'A; € S}, we take
Ay € H,, for which A, ¢(g, - B)'A; = Ay'Ay. Setting Az := A;'A; € GL(m, R), w
define oo(h) := Aso(g1hg; ') A3' € GL(m,R), h € H, and ¢o(z) := Az ¢(g;-7) tAg €
Sym(m,R), x € V. Then we have oy(h) € H,,, h € H, and ¢o(E) = I,,,. For h € H
and y € V we observe

do(h-y) = A3 d((grhgr ) - (g1 - y)) "As
= Aso(gihg ") d(g1 - y) ‘o (gihg ") 'As
= 0o(h) ¢o(y) ‘oo(h).

Differentiating this relation, we obtain

do(xAy) = 60(La)do(y) + ¢o(y)'60(La), x,y €V,

where ¢ is the differential representation of og. In particular, since ¢o(E) = I,,, we
have

Noting that ¢¢(L,) € b, we obtain do(L ) $o(x) ) Therefore we have

do(zAy) = do(x) Po(y ) + ¢o(y) do(z),

which means that ¢ is a representation of the clan (V, A). Putting Ay := 43" and
go := g7 ', we have (3). O

§ 4. Canonical representation of a clan

Let V = Z?gjgkgr Vi; be the normal decomposition of a clan V' with respect to
primitive idempotents E1,..., E,. of V. Namely, we have F = E; + ...+ E, and

1
ij = {JI S V; EzAJJ = 5((5% + (5¢j)x, xAEZ = 51'3‘.7} for i = 1, Ce ,T} . (44)

1672



Becrauk TTV, T.16, Boin. 6, .2, 2011

Then we have Vi, = RE). Moreover, the following multiplication relations hold:

VikAVy; C Vi,
if ki, then Vi AV =0, (4.5)
Vi AV € Vi, Vi according to [ > m or m > [.

Fork=1,....,r, weset My :=Vj1 &+ B Vis—1 & Vix. By (5) we have
MiAM,; C Ml, M AM,;, C M;

for 1 < k <[ < r. Therefore, if we set Z, =M, d...&M,, k=1,...,r, we have
a two-sided ideal sequence

V:Il DIQD...DIT:)IT+1 :{0}

The normal decomposition of V' is orthogonal with respect to the inner product
defined in the axiom (C2). Putting ng; = dimVj;, 1 < j < k < r, we take an
orthonormal basis {f*}, 1 < a < ng;, of the subspace Vi;. Put my := dim Mj,
k = 1,...,r. Noting that my = ng + ... + ngr—1 + 1, we define a basis {el(;k)},
1 < p < my, of My by

g V2| B By, p=mu.

We remark that the basis {e{"'} is not orthonormal because ||e||'f) = /2. In view of
the natural isomorphism My, 3 v — 0 := v + T4y € Ii/Lp11, we write /\/lk for the
quotient space Zy/Zy. 1. For x € V| let R, be the right-multiplication operator on
the clan V' by x. We write Ry(x) (resp. Lg(x)) for the matrix of the linear operator
on M, induced by R, (resp. L,) with respect to the basis {&\”}, 1 < p < my, of
M. Tt is shown in [4, Lemma 4.2| that Ry(z) is symmetric for 2 € V.

Theorem 3 The linear map Ry : V — Sym(my, R) is a representation of the clan
(V,A) fork=1,...,r.

Proof. We define a linear form £} on V' by

<Z sz'L + Zxﬂ s EZ> = Ty, x; € R, T i S V;,L
i=1

i<j
By [4, Lemma 4.2] we have
Ry(x) = Ly(x) +"Li(x) — (z, E}) L,

On the other hand, we see from (5) that Ly(x) is a lower triangular matrix for x € V.

Thus we obtain )
Rk(x) - Lk(x) - 5 <l’, EZ> Imk‘
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On the other hand, we have by [4, (4.14)]
Ry(vAy) = Li(x) Ri(y) + Re(y) Li(x) — (z, Ey) Ri(y).

Therefore we have

Ri(zAy) = Ry(z)Ri(y) + Ri(y)Ri(z), =z, y€eV.

Clearly Ry(F) = I, , which completes the proof. O

Noting that m; + ... +m, = dimV(=: n), we define a linear map R : V. —
Sym(n, R) by

Rl (33)

R(z) = Ral) , zeV.

Namely, R is the direct sum of the representations Rq,..., R,, so that R is also a
representation of the clan (V, A).

Theorem 4 The representation R : V — Sym(n,R) of the clan V is injective.

Proof. Assume R(z) = 0 with z =37, . @i, xj; € Vj;. We see from [4, (4.11)]
that Ry(x) = 0 yields z; = 0 for i = 1,..., k. Therefore x = 0, whence Theorem 4
follows. 0

Theorem 4 together with Proposition 1 implies that any homogeneous cone {2 is
linearly imbedded into S, with n = dim €. This description of the cone 2 is already
given by [5] and [8] (see also |3] and [4]).

Let us consider the representations Ry, k = 1,...,r, for the case that the clan V is
Sym(r, R). Then the normal decomposition coincides with the natural decomposition
by the entries. The inner product is given by (z|y) = dtr xy with d = (r+1)/2. The
ideal Z, k = 1,...,7, equals the set {x € Sym(r,R);z;; =0 for all 7, j < k}. Noting
that dim M, = k, we take the basis of the module M, as e\ := d~Y/2(E, + E,),
1 <p<k, and egf) := \/2d" 2 E},,, where Ej; is the (i, )-matrix unit. Then we
have

Ri(z) = (xi)1<ij<k € Sym(k,R), z = (z;;) € Sym(r,R).

It is easy to see directly that Ry is a representation of the clan Sym(r,R) in this
case.
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