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Simonov P. M., Chistyakov A. V. To the Daugavet's theorem. In article it is formulated the following
theorem. Let Lp = Lp(Ω, Σ, µ), p ∈ [1,∞], is a Banach space on separable space with a nonatomic measure.
Then for any positive operator of substitution with weight S : Lp → Lp an initial projector RS : M(Lp) →
→ M(Lp), generated by a strip RS := [S]dd, has individual norm. From the theorem the following statement
at once follows. If the operator K ∈ M(Lp) has a majorant V , disjoint with S (for example, K is integrated
operator), ||S + K|| > ||S||. This statement considerably strengthens numerous generalisations of the known
theorem of I. K. Daugavet. The most interesting applications the theorem announced here can have in the
spectral theory of operational algebras majorizing the operators generated lattice homomorphism.
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Êëþ÷åâûå ñëîâà: ðàâíîñòåïåííî êâàçèíèëüïîòåíòíîå ñåìåéñòâî îïåðàòîðîâ; âîëüòåððîâà
öåïî÷êà îïåðàòîðà; òåîðåìà îá ýêâèâàëåíòíîé íîðìå; óïðàâëÿåìîå âîëüòåððîâî ôóíêöèî-
íàëüíî-îïåðàòîðíîå óðàâíåíèå; óñëîâèÿ ñîõðàíåíèÿ ãëîáàëüíîé ðàçðåøèìîñòè.
Ââîäÿòñÿ ïîíÿòèÿ ðàâíîñòåïåííî êâàçèíèëüïîòåíòíîãî è ñóïåððàâíîñòåïåííî êâàçèíèëü-
ïîòåíòíîãî ñåìåéñòâà îïåðàòîðîâ. Ôîðìóëèðóþòñÿ ñîîòâåòñòâóþùèå ïðèçíàêè äëÿ ñëó÷àÿ
ôóíêöèîíàëüíûõ îïåðàòîðîâ. Îáñóæäàþòñÿ ïðèìåíåíèÿ ââåäåííûõ ïîíÿòèé è ñôîðìóëè-
ðîâàííûõ ïðèçíàêîâ â òåîðèè óïðàâëÿåìûõ ôóíêöèîíàëüíî-îïåðàòîðíûõ óðàâíåíèé.

Ïðèìåì ñëåäóþùèå îáîçíà÷åíèÿ:
Π ⊂ Rn � ôèêñèðîâàííîå èçìåðèìîå ïî Ëåáåãó, îãðàíè÷åííîå ìíîæåñòâî, èãðàþùåå ðîëü

îñíîâíîãî ìíîæåñòâà èçìåíåíèÿ íåçàâèñèìûõ ïåðåìåííûõ t = col{t1, . . . , tn};
Σ = Σ(Π) � σ-àëãåáðà èçìåðèìûõ ïîäìíîæåñòâ Π;
T � íåêîòîðàÿ ÷àñòü Σ;
E = E(Π) � íåêîòîðîå áàíàõîâî èäåàëüíîå ïðîñòðàíñòâî (ÁÈÏ) èçìåðèìûõ âåùåñòâåííûõ

ôóíêöèé, îïðåäåëåííûõ íà Π 1;
Em ≡ E × . . .×E︸ ︷︷ ︸

m
, ‖.‖Em− ñòàíäàðòíàÿ íîðìà ïðÿìîãî ïðîèçâåäåíèÿ;

1Íîðìèðîâàííîå ïðîñòðàíñòâî E = E(Π) èçìåðèìûõ íà Π ôóíêöèé íàçûâàåòñÿ èäåàëüíûì, åñëè ëþáàÿ èçìåðè-
ìàÿ íà Π ôóíêöèÿ x, íå ïðåâîñõîäÿùàÿ ïî ìîäóëþ íåêîòîðîé ôóíêöèè y ∈ E, ïðèíàäëåæèò E, ïðè÷åì ‖x‖ 6 ‖y‖
(ñì., íàïðèìåð, [1, ñ.139]).
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Lp (H) � ïðîñòðàíñòâî Ëåáåãà (ñî ñòàíäàðòíîé íîðìîé), H ∈ Σ, 1 6 p 6 ∞;
Lp ≡ Lp (Π) ;
PH � îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ χH (t) ≡ {1, t ∈ H; 0, t ∈ Π\H} , õàðàêòåðèñòè÷å-

ñêóþ ôóíêöèþ ìíîæåñòâà H ∈ Σ;
B � íåêîòîðîå áàíàõîâî ïðîñòðàíñòâî;
UM (y) ≡ {x ∈ B : ‖x− y‖B 6 M} � øàð ðàäèóñà M ñ öåíòðîì y â áàíàõîâîì ïðîñòðàíñòâå

B;
ρ(G) � ñïåêòðàëüíûé ðàäèóñ ëèíåéíîãî îãðàíè÷åííîãî îïåðàòîðà (ËÎÎ) G : B → B (ïî

èçâåñòíîé ôîðìóëå È.Ì. Ãåëüôàíäà ρ (G) = limk→∞ k
√
‖Gk‖ );

L(B1,B2) � ïðîñòðàíñòâî ËÎÎ, äåéñòâóþùèõ èç áàíàõîâà ïðîñòðàíñòâà B1 â áàíàõîâî ïðî-
ñòðàíñòâî B2.

1. Îïåðàòîðû â ïðîñòðàíñòâàõ èçìåðèìûõ ôóíêöèé: âîëüòåððîâîñòü è êâàçèíèëü-
ïîòåíòíîñòü. Ñëåäóÿ [2], íàçîâåì G[.] : Em −→ El âîëüòåððîâûì îïåðàòîðîì íà ñèñòåìå ìíî-
æåñòâ T , åñëè äëÿ ëþáîãî H ∈ T ñóæåíèå G[x]

∣∣∣
H

íå çàâèñèò îò çíà÷åíèé ñóæåíèÿ x
∣∣
Π\H , òî

åñòü
∀H ∈ T : PHGPH = PHG. (1)

Êëàññ îïåðàòîðîâ, âîëüòåððîâûõ íà ñèñòåìå T, îáîçíà÷èì ÷åðåç V (T ) 2.
Ñèñòåìó ìíîæåñòâ T = {H0, . . . , Hk} ⊂ Σ, ëèíåéíî óïîðÿäî÷åííóþ ïî âëîæåíèþ (H0 ⊂ H1 ⊂

⊂ . . . ⊂ Hk) è òàêóþ, ÷òî H0 = ∅,Hk = Π, íàçîâåì êîíå÷íîé öåïî÷êîé. Åñëè ïðè ýòîì G ∈ V (T ),
òî áóäåì ãîâîðèòü, ÷òî T � âîëüòåððîâà öåïî÷êà îïåðàòîðà G.

Ïóñòü δ > 0 � íåêîòîðîå ÷èñëî. Áóäåì ãîâîðèòü, ÷òî îïåðàòîð G : E −→ E óäîâëåòâîðÿåò
δ-óñëîâèþ íà ìíîæåñòâå H ∈ Σ, åñëè

‖PHGPH‖ < δ.

2Íàçâàíèå ¿âîëüòåððîâû îïåðàòîðûÀ (îïåðàòîðû òèïà Âîëüòåððà) ïðèñâàèâàëîñü â ëèòåðàòóðå ðàçëè÷íûì
êëàññàì îïåðàòîðîâ ñî ñõîäíûìè ñâîéñòâàìè (èñïîëüçóþòñÿ òàêæå íàçâàíèÿ: ïðè÷èííûå îïåðàòîðû, íàñëåäñòâåí-
íûå îïåðàòîðû è äð.). Ïåðâûå îïðåäåëåíèÿ âîëüòåððîâîñòè ôóíêöèîíàëüíûõ îïåðàòîðîâ áûëè äàíû Ë.Òîíåëëè
[5] è À.Í.Òèõîíîâûì [3] (ñì. [6, ñ.4]) . Ïåðâûå àáñòðàêòíûå îïðåäåëåíèÿ âîëüòåððîâûõ îïåðàòîðîâ ïðèíàäëåæàò,
âèäèìî, È.Ö.Ãîõáåðãó è Ì.Ã.Êðåéíó [7] è Ï.Ï.Çàáðåéêî [8, 9]. Ïîñëå ýòîãî áûëî äàíî ìíîãî ðàçíîîáðàçíûõ îïðå-
äåëåíèé âîëüòåððîâûõ îïåðàòîðîâ (À.Ë.Áóõãåéì, Ñ.À.Ãóñàðåíêî, Å.Ñ.Æóêîâñêèé, Â.Ã.Êóðáàòîâ, J.Warga, M.V�ath
è äð.); ñì., íàïðèìåð, êðàòêèé îáçîð îïðåäåëåíèé âîëüòåððîâîñòè [10, c.97-101], à òàêæå [11, ñ.4-6], [12, 13]. Êàæ-
äîå èç îïðåäåëåíèé áûëî ïðåäëîæåíî â ñâÿçè ñ âïîëíå êîíêðåòíûì, ñâîèì êðóãîì ïðîáëåì; òàê, îïðåäåëåíèå [2]
âîçíèêëî ïðè èçó÷åíèè íåêîòîðûõ âîïðîñîâ òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ ðàñïðåäåëåííûìè ñèñòåìàìè (ñì.
[10, 12, 14�17]).

Ïðåäëîæåííîå â [2] îïðåäåëåíèå âîëüòåððîâîñòè ÿâëÿåòñÿ íåïîñðåäñòâåííûì ìíîãîìåðíûì îáîáùåíèåì èç-
âåñòíîãî îïðåäåëåíèÿ À.Í. Òèõîíîâà ôóíêöèîíàëüíîãî îïåðàòîðà òèïà Âîëüòåððà [3]. Ïðîöèòèðóåì [3]:
¿Ôóíêöèîíàëüíûé îïåðàòîð V (t; φ) ìû áóäåì íàçûâàòü ôóíêöèîíàëüíûì îïåðàòîðîì òèïà Volterra, åñëè åãî
âåëè÷èíà îïðåäåëåíà çíà÷åíèÿìè ôóíêöèè φ(τ) â ïðîìåæóòêå 0 6 τ < t À.

Ïðèâåäåì îïðåäåëåíèå [2]: ïóñòü q, r ∈ [1,∞] , Π � áðóñ â Rn; îïåðàòîð A [·] : Lm
q (Π) → Ll

r (Π) íàçîâåì âîëüòåð-
ðîâûì íà íåêîòîðîé ñèñòåìå T èçìåðèìûõ ïîäìíîæåñòâ Π, åñëè ∀ H ∈ T çíà÷åíèÿ A [z] (t) ïðè t ∈ H çàâèñÿò
ëèøü îò z |H è íå çàâèñÿò îò z |Π\H ; êëàññ òàêèõ îïåðàòîðîâ îáîçíà÷èì V (T ; q, m → r, l) .

Å.Ñ.Æóêîâñêèì â [4] áûëî íåçàâèñèìî ââåäåíî è ïîäðîáíî èçó÷åíî ñëåäóþùåå áëèçêîå îïðåäåëåíèþ [2] è ðîä-
ñòâåííîå îïðåäåëåíèþ [3] îïðåäåëåíèå âîëüòåððîâîñòè îïåðàòîðà, äåéñòâóþùåãî â ïðîñòðàíñòâå Lp ([a, b]) ôóíêöèé
îäíîé ïåðåìåííîé: ïóñòü γ ∈ [0, b−a]; îáîçíà÷èì ÷åðåç v òàêóþ ñîâîêóïíîñòü èçìåðèìûõ ìíîæåñòâ eγîòðåçêà [a, b] ,
÷òî

mes ( eγ ) = γ ∀γ, γ1 < γ2 ⇒ e γ1 ⊂ eγ2 ; (#)

áóäåì ãîâîðèòü, ÷òî îïåðàòîð W : Lp ([a, b]) → Lp ([a, b]) ïðèíàäëåæèò êëàññó Vv (W ∈ Vv), åñëè

(∀eγ ∈ v) {x1 (t) = x2 (t) (∀t ∈ eγ) ⇒ (Wx1) (t) = (Wx2) (t) (∀t ∈ eγ)} ;

îáîçíà÷èì V =
S
v

Vv, ãäå îáúåäèíåíèå áåðåòñÿ ïî âñåì ìíîæåñòâàì v, äëÿ êîòîðûõ âûïîëíåíû ñîîòíîøåíèÿ (#);

îïåðàòîð W : Lp ([a, b]) → Lp ([a, b]) ïðèíàäëåæèò êëàññó V, åñëè ñóùåñòâóåò òàêàÿ ñîâîêóïíîñòü v ñî ñâîéñòâàìè
(#), ÷òî W ∈ Vv.
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Êîíå÷íóþ öåïî÷êó T = {H0, . . . , Hk} íàçîâåì δ-öåïî÷êîé îïåðàòîðà G : E −→ E, åñëè G óäî-
âëåòâîðÿåò δ-óñëîâèþ íà êàæäîé ðàçíîñòè Hi \ Hi−1, i = 1, k . Â [18] áûë äîêàçàí ñëåäóþùèé
öåïî÷å÷íûé ïðèçíàê êâàçèíèëüïîòåíòíîñòè ËÎÎ, äåéñòâóþùèõ â ÁÈÏ 3.

Ò å î ð å ì à 1. Åñëè ËÎÎ G : E −→ E óäîâëåòâîðÿåò óñëîâèþ:

∀δ > 0 ∃ âîëüòåððîâà δ − öåïî÷êà îïåðàòîðà G,

òî ρ(G) = 0.

2. Óïðàâëÿåìûå íà÷àëüíî-êðàåâûå çàäà÷è è ýêâèâàëåíòíûå ôóíêöèîíàëüíî-îïå-
ðàòîðíûå óðàâíåíèÿ. Â òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ ðàñïðåäåëåííûìè ñèñòåìàìè íåêî-
òîðûé êîìïðîìèññ ìåæäó ñòðåìëåíèåì ê îáùíîñòè ïîñòðîåíèé, ñ îäíîé ñòîðîíû, è æåëàíèåì
ïîëó÷èòü ðåçóëüòàòû â óäîáíîé äëÿ ïðèëîæåíèé ôîðìå � ñ äðóãîé, äîñòèãàåòñÿ, ïî-âèäèìîìó,
ïðè ïåðåõîäå ê îïèñàíèþ óïðàâëÿåìûõ ñèñòåì íà ÿçûêå ôóíêöèîíàëüíî-îïåðàòîðíûõ óðàâíåíèé
(ãîâîðÿ ïî-äðóãîìó, îïåðàòîðíûõ óðàâíåíèé â ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ èëè ôóíêöèî-
íàëüíûõ óðàâíåíèé). Òàê, íàïðèìåð, Äæ. Âàðãîé áûëà ïðåäëîæåíà (ñì. [19]) äîâîëüíî îáùàÿ
ôîðìà îïèñàíèÿ óïðàâëÿåìûõ ñèñòåì ñ ïîìîùüþ ôóíêöèîíàëüíûõ óðàâíåíèé â ïðîñòðàíñòâàõ
òèïà C è Lp, ïðèñïîñîáëåííàÿ ê èçó÷åíèþ, íàïðèìåð, ïðîáëåìû ñóùåñòâîâàíèÿ îïòèìàëüíîãî
óïðàâëåíèÿ, ðàñøèðåíèÿ îïòèìèçàöèîííûõ çàäà÷, îáîáùåííûõ óïðàâëåíèé, íåîáõîäèìûõ óñëî-
âèé îïòèìàëüíîñòè è äðóãèõ âîïðîñîâ. Ñ.À. ×óêàíîâûì íà øèðîêèé êëàññ ôóíêöèîíàëüíûõ
óðàâíåíèé â ïðîñòðàíñòâàõ òèïà C ðàñïðîñòðàíåíà ñõåìà Äóáîâèöêîãî-Ìèëþòèíà ïîëó÷åíèÿ
ïðèíöèïà ìàêñèìóìà (ñì. [20]). Ê óêàçàííûì ôîðìàì [19, 20] ïðèâîäÿò, â ÷àñòíîñòè, ðàçëè÷-
íûå ñèñòåìû ñ îòêëîíÿþùèìñÿ àðãóìåíòîì. Èìè îõâàòûâàþòñÿ è íåêîòîðûå íà÷àëüíî-êðàåâûå
çàäà÷è (ÍÊÇ) äëÿ ãèïåðáîëè÷åñêèõ è ïàðàáîëè÷åñêèõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè (ñì.
[20, c. 265-266], [19, c. 169-170]).

Â [21] áûëà ïðåäëîæåíà ôóíêöèîíàëüíî-îïåðàòîðíàÿ ôîðìà îïèñàíèÿ ðàñïðåäåëåííûõ ñè-
ñòåì, àäåêâàòíàÿ ìíîãèì ïðîáëåìàì òåîðèè ðàñïðåäåëåííîé îïòèìèçàöèè è îõâàòûâàþùàÿ äî-
ñòàòî÷íî øèðîêèé êðóã óïðàâëÿåìûõ ÍÊÇ. Ôóíêöèîíàëüíî-îïåðàòîðíûå óðàâíåíèÿ, î êîòîðûõ
èäåò ðå÷ü, ýòî óðàâíåíèÿ âèäà

z(t) = f(t, A[z](t), v(t)), t = {t1, . . . , tn} ∈ Π ⊂ Rn, (?)

íàä ïðîñòðàíñòâîì Lm∞, ãäå Π � ôèêñèðîâàííîå îãðàíè÷åííîå, èçìåðèìîå ïî Ëåáåãó ìíîæåñòâî;
f(t,p,v) : Π ×Rl ×Rs → Rm � çàäàííàÿ ôóíêöèÿ; A[.] : Lm∞ → Ll∞ � ËÎÎ, ÿâëÿþùèéñÿ, åñëè
èñïîëüçîâàòü òåðìèíîëîãèþ [2], âîëüòåððîâûì íà íåêîòîðîé ñèñòåìå T ïîäìíîæåñòâ îñíîâíîãî
ìíîæåñòâà Π 4; v(.) : Π → Rs � óïðàâëÿþùàÿ ôóíêöèÿ èç ìíîæåñòâà D ⊂ Ls∞ (Π) . Ñïèñîê
óïðàâëÿåìûõ ÍÊÇ, äëÿ êîòîðûõ â [21] áûëî ïîêàçàíî, êàê ñ ïîìîùüþ îáðàùåíèÿ ãëàâíîé ÷àñòè
ïðèâåñòè èõ ê óðàâíåíèþ (?) íàä Lm∞ (Π) , ñîäåðæàë çàäà÷ó Êîøè äëÿ ñèñòåìû îáûêíîâåííûõ

3Òåîðåìà 1 ðàçâèâàåò è îáîáùàåò â ñëó÷àå ÁÈÏ èçâåñòíûé ïðèçíàê êâàçèíèëüïîòåíòíîñòè Ï.Ï. Çàáðåéêî [8, 9]
(ïîäðîáíåå ñì. [18].). Â [8, 9] áûëî ââåäåíî ïîíÿòèå èíòåãðàëüíîãî îïåðàòîðà Âîëüòåððà â êëàññàõ ôóíêöèé íåñêîëü-
êèõ ïåðåìåííûõ, áûëè ïîëó÷åíû ïðèçíàêè êâàçèíèëüïîòåíòíîñòè òàêèõ îïåðàòîðîâ è óêàçàíû èõ àáñòðàêòíûå
àíàëîãè, êàñàþùèåñÿ ËÎÎ, äåéñòâóþùèõ â áàíàõîâîì ïðîñòðàíñòâå.

4Òåðìèí¿îïåðàòîð, âîëüòåððîâ íà ñèñòåìå ìíîæåñòâÀ â [21] íå èñïîëüçîâàëñÿ; îí áûë ââåäåí ïîçæå, â ðàáîòå
[2]. Âìåñòî íåãî â [21] äëÿ îáîçíà÷åíèÿ ñâîéñòâà (1) ïðèìåíÿëñÿ òåðìèí ¿ åñòåñòâåííàÿ îïðåäåëåííîñòü îïåðà-
òîðà À. Èìåííî, ïóñòü T � íåêîòîðàÿ ÷àñòü Σ, E = Lp. Îïåðàòîð G : Lm

p → Ll
p áûë íàçâàí â [21] åñòåñòâåííî

îïðåäåëåííûì, êàê îïåðàòîð íà ïðîñòðàíñòâàõ Lm
p (H), H ∈ T, ôîðìóëîé

G [z] (t) ≡ G [QH [z]] (t) , t ∈ H, z ∈ Lm
p (H),

åñëè âûïîëíÿåòñÿ (1) (çäåñü QH � îïåðàòîð ïðîäîëæåíèÿ íóëåì: QH [z] (t) ≡ {z (t) , t ∈ H; 0, t ∈ Π\H}). Ïðè ýòîì
â [21] îñíîâíîå ìíîæåñòâî Π � ýòî áðóñ â Rn, à T � ñèñòåìà áðóñîâ, ñæèìàþùèõñÿ ïî íåêîòîðûì êîîðäèíàòíûì
íàïðàâëåíèÿì.
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äèôôåðåíöèàëüíûõ óðàâíåíèé, íà÷àëüíûå çàäà÷è äëÿ òîé æå ñèñòåìû ñ ðàçíîîáðàçíûìè çà-
ïàçäûâíèÿìè, çàäà÷ó Ãóðñà-Äàðáó, ìíîãîìåðíóþ çàäà÷ó Ãóðñà-Äàðáó, îáîáùåííóþ çàäà÷ó Ãóð-
ñà, íåêîòîðûå ÍÊÇ äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, â ÷àñòíîñòè, ñìåøàííóþ çàäà÷ó
äëÿ íåëèíåéíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ òèïà óðàâíåíèÿ ïåðåíîñà. Âïîñëåäñòâèè
ýòîò ñïèñîê áûë ñóùåñòâåííî ðàñøèðåí è âêëþ÷èë â ñåáÿ ñàìûå ðàçíîîáðàçíûå óïðàâëÿåìûå
ÍÊÇ äëÿ ãèïåðáîëè÷åñêèõ, ïàðàáîëè÷åñêèõ, èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ðàçëè÷íûõ
óðàâíåíèé ñ çàïàçäûâàíèÿìè è äðóãèõ (ñì., íàïðèìåð, [22, 14�16, 10, 23, 17, 24]).

Ïåðåõîä [26, 27] â òåîðèè óðàâíåíèé âèäà (?) îò ñëó÷àÿ óðàâíåíèé â ïðîñòðàíñòâå Lm∞ ê îáùåìó
ñëó÷àþ óðàâíåíèé â ïðîñòðàíñòâàõ Lm

p , 1 6 p 6 ∞ ïîçâîëèë ñóùåñòâåííî ðàñøèðèòü êëàññû
âîçìîæíûõ ðåøåíèé ðàññìàòðèâàåìûõ óïðàâëÿåìûõ ÍÊÇ; cîîòâåòñòâóþùèå ïðèìåðû, ñâÿçàííûå
ñ ïàðàáîëè÷åñêèìè è ãèïåðáîëè÷åñêèìè óðàâíåíèÿìè, ìîæíî íàéòè, íàïðèìåð, â [17], [28]-[30].

Ïðèâåäåíèå ÍÊÇ ê óðàâíåíèþ (?) îáðàùåíèåì ãëàâíîé ÷àñòè. Ïóñòü óïðàâëÿåìàÿ
ÍÊÇ èìååò âèä

L0 [x] (t) = g(t,L1 [x] (t) , u (t)), t ∈ Π, (2)

LΓ [x] (t) = gΓ (t) , t ∈ Γ , (3)

LN [x] (t) = gN (t) , t ∈ N , (4)

ãäå
(2) � îñíîâíîå óðàâíåíèå (ñèñòåìà óðàâíåíèé) ÍÊÇ, â êîòîðîì L0 � äèôôåðåíöèàëüíûé

(èíòåãðî-äèôôåðåíöèàëüíûé) ëèíåéíûé îïåðàòîð, g(t,p,v) : Π × Rl × Rs → Rm � çàäàííàÿ
ôóíêöèÿ, u(·) : Π → Rs � óïðàâëåíèå èç ìíîæåñòâà D ⊂ Ls∞ (Π) , L1 � äèôôåðåíöèàëüíûé
(èíòåãðî-äèôôåðåíöèàëüíûé) îïåðàòîð;

(3) � ãðàíè÷íûå óñëîâèÿ ( Γ ⊂∂Π, LΓ � ëèíåéíûé îïåðàòîð, ôóíêöèÿ gΓ çàäàíà);
(4) � íà÷àëüíûå óñëîâèÿ (N ⊂ ∂Π, LN � ëèíåéíûé îïåðàòîð, ôóíêöèÿ gN çàäàíà).
Áóäåì ñ÷èòàòü, ÷òî ðàçìåðíîñòè çíà÷åíèé g, gΓ , gN , à òàêæå ðàçìåðíîñòè çíà÷åíèé îáðàçîâ

îòîáðàæåíèé L0, LΓ , LN îäèíàêîâû è ðàâíû m.

Ïóñòü: W � áàíàõîâî ïðîñòðàíñòâî îïðåäåëåííûõ íà Π m-âåêòîð-ôóíêöèé, â êîòîðîì èùåì
(îáîáùåííîå) ðåøåíèå x (·) ÍÊÇ (2) � (4); p è q � íåêîòîðûå ÷èñëà èç [1,∞] .

Ñ÷èòàåì, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ À) � Ä) (ïîäîáíûå óñëîâèÿ ÷àñòî âûïîëíÿ-
þòñÿ â ÍÊÇ ìàòåìàòè÷åñêîé ôèçèêè).

À) Äëÿ ëþáîé ôóíêöèè z (·) ∈ Lm
p ëèíåéíàÿ ÍÊÇ

L0 [x] (t) = z (t) , t ∈ Π, (5)

LΓ [x] (t) = gΓ (t) , t ∈ Γ , (6)

LN [x] (t) = gN (t) , t ∈ N (7)

èìååò åäèíñòâåííîå (îáîáùåííîå) ðåøåíèå â ïðîñòðàíñòâå W.

Á) Ðåøåíèå (5) � (7) ìîæíî ïðåäñòàâèòü êàê ñóììó

x (t) = G [z] (t) + α (t) , t ∈ Π, (8)

ãäå α (·) ∈ W, G [·] : Lm
p → W � ëèíåéíûé îïåðàòîð, îñóùåñòâëÿþùèé âçàèìíî-îäíîçíà÷íîå

îòîáðàæåíèå Lm
p íà G

[
Lm

p

]
.

Â) L1 [W ] ⊂ Ll
q.

Ã) L1G : Lm
p → Ll

q � ËÎÎ.
Ä) g(·, y (·) , u (·)) ∈ Lm

p ïðè y (·) ∈ Ll
q, u (·) ∈ D.
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Ïóñòü
Wα ≡ G

[
Lm

p

]
+ α.

Ôîðìóëà (8) óñòàíàâëèâàåò âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó ôóíêöèÿìè z (·) ïðîñòðàí-
ñòâà Lm

p è ôóíêöèÿìè x (·) ëèíåéíîãî ìíîãîîáðàçèÿ Wα ïðîñòðàíñòâà W.
Ôóíêöèþ x (·) ∈ W íàçîâåì îáîáùåííûì ðåøåíèåì ÍÊÇ (2) � (4), îòâå÷àþùèì óïðàâëåíèþ

u(·) ∈ D, åñëè îíà ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (5) � (7) ïðè

z (t) = g(t,L1 [x] (t) , u (t)), t ∈ Π. (9)

Ïóñòü x (·) ∈ W � ðåøåíèå ÍÊÇ (2) � (4), îòâå÷àþùåå óïðàâëåíèþ u(·). Ïî ñâîéñòâó ôóíêöèè g
ñâÿçàííàÿ ñ ôóíêöèåé x (·) ôîðìóëîé (9) ôóíêöèÿ z (·) ïðèíàäëåæèò êëàññó Lm

p . Ïî îïðåäåëåíèþ
ðåøåíèÿ ÍÊÇ (2) � (4) òå æå x (·) è z (·) ñâÿçàíû ôîðìóëîé (8), è òàê êàê z (·) ïðèíàäëåæèò êëàññó
Lm

p , òî x (·) ïðèíàäëåæèò êëàññó Wα. Ïîäñòàâëÿÿ (8) â (9), ïîëó÷àåì

z (t) = g(t,L1 [x] (t) , u (t)) ≡ g(t,L1 [G [z]] (t) + L1 [α] (t) , u (t)), t ∈ Π.

Ôóíêöèÿ L1 [α] ïðèíàäëåæèò Ll
q, à îïåðàòîð

A ≡ L1G (10)

åñòü ËÎÎ èç Lm
p â Ll

q. Òàêèì îáðàçîì, ñâÿçàííàÿ ñ ðåøåíèåì x (·) ÍÊÇ (2) � (4) ôîðìóëîé
(9) ôóíêöèÿ z (·) óäîâëåòâîðÿåò ïðè óêàçàííîì óïðàâëåíèè u(·) óðàâíåíèþ âèäà (?) íàä Lm

p , â
êîòîðîì îïåðàòîð A çàäàåòñÿ ôîðìóëîé (10), à ôóíêöèÿ f � ôîðìóëîé

f (t,p,v) ≡ g(t,p + L1 [α] (t) ,v). (11)

Ïóñòü, íàîáîðîò, íåêîòîðàÿ ôóíêöèÿ z = z̃ (·) ∈ Lm
p óäîâëåòâîðÿåò ïðè íåêîòîðîì óïðàâëåíèè

u (·) íà Π óðàâíåíèþ (?), â êîòîðîì îïåðàòîð A çàäàåòñÿ ôîðìóëîé (10), à ôóíêöèÿ f � ôîðìóëîé
(11). Òîãäà ñâÿçàííàÿ ñ ôóíêöèåé z = z̃ (·) ôîðìóëîé (8) ôóíêöèÿ x = x̃ (·) ïðèíàäëåæèò êëàññó
Wα, ÿâëÿÿñü ðåøåíèåì çàäà÷è (5) � (7) ïðè z = z̃ (·) . Òàê êàê, ñ äðóãîé ñòîðîíû, â ñèëó (?) è (8)

z̃ (t) ≡ g(t,L1 [G [z̃]] (t) + L1 [α] (t) , u (t)) = g(t,L1 [x̃] (t) , u (t)), t ∈ Π,

òî ôóíêöèè z = z̃ (·) è x = x̃ (·) ñâÿçàíû ìåæäó ñîáîé ôîðìóëîé (9). Ýòî îçíà÷àåò, ÷òî ôóíêöèÿ
x = x̃ (·) ÿâëÿåòñÿ ðåøåíèåì ÍÊÇ (2) � (4) ïðè óêàçàííîì u(·).

Òàêèì îáðàçîì, ÍÊÇ (2) � (4) ýêâèâàëåíòíà ðàññìàòðèâàåìîìó íàä Lm
p óðàâíåíèþ (?), â êî-

òîðîì îïåðàòîð A çàäàåòñÿ ôîðìóëîé (10), à ôóíêöèÿ f � ôîðìóëîé (11). Ñâÿçü ìåæäó èõ
ðåøåíèÿìè çàäàåòñÿ ôîðìóëîé (8).

3. Îá óñëîâèÿõ ñîõðàíåíèÿ ãëîáàëüíîé ðàçðåøèìîñòè óïðàâëÿåìûõ âîëüòåððî-
âûõ ôóíêöèîíàëüíî-îïåðàòîðíûõ óðàâíåíèé. Â [21] áûëà ïðåäëîæåíà ñõåìà ïîëó÷åíèÿ
äîñòàòî÷íûõ óñëîâèé óñòîé÷èâîñòè ñóùåñòâîâàíèÿ (ïðè âîçìóùåíèè óïðàâëåíèÿ) ãëîáàëüíûõ
ðåøåíèé (ÓÑÃÐ) óïðàâëÿåìûõ ÍÊÇ ñ ïîìîùüþ èõ ôóíêöèîíàëüíî-îïåðàòîðíîãî îïèñàíèÿ (?).
Â ìîäåðíèçèðîâàííîì âèäå îáùàÿ ñõåìà [21] ïîëó÷åíèÿ óñëîâèé ÓÑÃÐ áûëà îïóáëèêîâàíà â
[2, 14�16, 10]. Ïðè ýòîì ðîëü óïðàâëåíèÿ ìîãëà èãðàòü íå òîëüêî óïðàâëÿþùàÿ ôóíêöèÿ v(.),
íî è îïåðàòîð A. Òàê áóäåò, íàïðèìåð, òîãäà, êîãäà óðàâíåíèå (?) ïîëó÷àåòñÿ ïåðåïèñûâàíèåì
íåêîòîðîé ÍÊÇ ñ óïðàâëÿåìûìè ñòàðøèìè êîýôôèöèåíòàìè (ñì., íàïðèìåð, [10, 12, 24]) èëè ñ
óïðàâëÿåìîé ãðàíèöåé (ñì., íàïðèìåð, [23]).

Â [10, 25] äîêàçàòåëüñòâà òåîðåì ÓÑÃÐ óïðàâëÿåìûõ óðàâíåíèé ñïåöèàëüíîãî âèäà (?) áûëè
ðàñïðîñòðàíåíû íà íåëèíåéíûå âîëüòåððîâû ôóíêöèîíàëüíî-îïåðàòîðíûå óðàâíåíèÿ ñ âàðüèðó-
åìîé ïðàâîé ÷àñòüþ îáùåãî âèäà

z (t) = F [z] (t) , t ∈ Π ⊂ Rn, (??)
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íàä ïðîñòðàíñòâîì Lm∞.

Ñõåìà [2, 14�16, 10] äîêàçàòåëüñòâà òåîðåì ÓÑÃÐ äëÿ óðàâíåíèé (?) è (??), ðàññìàòðèâàåìûõ
íàä ïðîñòðàíñòâîì Lm∞, èñïîëüçóåò ïðîäîëæåíèå ëîêàëüíûõ ðåøåíèé ïî âîëüòåððîâûì öåïî÷êàì
îïåðàòîðîâ, çàäàþùèõ óðàâíåíèå. Îíà âêëþ÷àåò ñïåöèàëüíóþ ëîêàëüíóþ òåîðåìó ñóùåñòâîâàíèÿ
è åäèíñòâåííîñòè ðåøåíèÿ, òåîðåìó îá àïðèîðíûõ îöåíêàõ ðàçíîñòè ëîêàëüíûõ ðåøåíèé, îòâå÷à-
þùèõ ðàçíûì óïðàâëåíèÿì, è òåîðåìó î ïðîäîëæåíèè ðåøåíèé ñ îäíîãî ìíîæåñòâà âîëüòåððîâîé
öåïî÷êè íà äðóãîå. Ïðè ýòîì âàæíóþ ðîëü èãðàþò îöåíêè ëèíåéíûõ îïåðàòîðîâ, âîçíèêàþùèõ
ïðè ëèíåàðèçàöèè èñõîäíûõ óðàâíåíèé. Äëÿ äîêàçàòåëüñòâà ëîêàëüíûõ òåîðåì ñóùåñòâîâàíèÿ è
òåîðåì î ïðîäîëæåíèè â [2, 14�16, 10] èñïîëüçîâàëñÿ ïðèíöèï ñæèìàþùèõ îòîáðàæåíèé.

Â [26, 27] òåîðèÿ ÓÑÃÐ [2, 14�16, 10] áûëà îáîáùåíà íà óðàâíåíèÿ âèäà (?) â ëåáåãîâûõ
ïðîñòðàíñòâàõ Lm

p , 1 6 p 6 ∞; ïðè ýòîì îïåðàòîð A [·] â (?) � ýòî ëèíåéíûé îïåðàòîð èç Lm
p

â íåêîòîðîå Ll
q, à óïðàâëåíèå v (·) ïðèíàäëåæèò íåêîòîðîìó ìíîæåñòâó D ⊂ Ls

k. Îá èñòîðèè
âîïðîñà è íåêîòîðûõ äàëüíåéøèõ îáîáùåíèÿõ òåîðèè ÓÑÃÐ íà ñëó÷àé óðàâíåíèé â áàíàõîâûõ
ïðîñòðàíñòâàõ ñì. êðàòêèé îáçîð [17].

Îòìåòèì, ÷òî óêàçàííûé ïåðåõîä â òåîðèè ÓÑÃÐ îò ñëó÷àÿ ôóíêöèîíàëüíî-îïåðàòîðíûõ
óðàâíåíèé âèäà (?) â ïðîñòðàíñòâàõ Lm∞ ê îáùåìó ñëó÷àþ óðàâíåíèé â ïðîñòðàíñòâàõ Lm

p ,
1 6 p 6 ∞ îêàçàëñÿ íåòðèâèàëüíûì. Ðåàëèçàöèÿ â ýòîì îáùåì ñëó÷àå óïîìÿíóòîé âûøå ñõåìû
[2, 14�16, 10] äîêàçàòåëüñòâà òåîðåì ÓÑÃÐ ïîòðåáîâàëà ïðèâëå÷åíèÿ íåêîòîðûõ íîâûõ ñðåäñòâ è,
â ÷àñòíîñòè, ââåäåíèÿ è èçó÷åíèÿ â [26, 27] íîâîãî ïîíÿòèÿ ðàâíîñòåïåííîé êâàçèíèëüïîòåíò-
íîñòè ñåìåéñòâà îïåðàòîðîâ. Ïðè÷èíû ýòîãî áóäóò óêàçàíû â ñëåäóþùåì ïàðàãðàôå.

Ïðèìåðû òåîðåì ÓÑÃÐ äëÿ óðàâíåíèÿ (?) ïðèâåäåíû â êîíöå ñòàòüè.
4. Ôóíêöèîíàëüíî-îïåðàòîðíûå óðàâíåíèÿ è ïðèíöèï ñæèìàþùèõ îòîáðàæåíèé.

Ïðè èçó÷åíèè âîïðîñîâ ñóùåñòâîâàíèÿ ðåøåíèé ôóíêöèîíàëüíî-îïåðàòîðíûõ óðàâíåíèé ÷àñòî
èñïîëüçóåòñÿ òà èëè èíàÿ ìîäèôèêàöèÿ ïðèíöèïà ñæèìàþùèõ îòîáðàæåíèé. Ñõåìà ðàññóæäåíèé
ìîæåò áûòü, íàïðèìåð, ñëåäóþùåé. Ïóñòü F [.] : Em → Em � íåêîòîðûé îïåðàòîð, è ðàññìàòðè-
âàåòñÿ óðàâíåíèå

x(t) = F [x](t), t ∈ Π, x ∈ Em. (12)

Åñëè íàéäåòñÿ çàìêíóòîå ìíîæåñòâî X ⊂ Em è ïîëîæèòåëüíûé êâàçèíèëüïîòåíòíûé ËÎÎ G :
E → E òàêèå, ÷òî

F [X] ⊂ X (13)

è âûïîëíÿåòñÿ îïåðàòîðíîå óñëîâèå Ëèïøèöà

| F [x](t)− F [y](t) | 6 G[| x− y |](t), t ∈ Π, x, y ∈ X, (14)

òî ê óðàâíåíèþ (12), ðàññìàòðèâàåìîìó íà X, ïðèìåíèì ïðèíöèï ñæèìàþùèõ îòîáðàæåíèé, â
ñîîòâåòñòâèè ñ êîòîðûì ýòî óðàâíåíèå èìååò åäèíñòâåííîå â X ðåøåíèå. Â ñàìîì äåëå, â ýòîì ñëó-
÷àå îïåðàòîð F ÿâëÿåòñÿ ñæèìàþùèì íà X â íåêîòîðîé íîðìå ‖.‖∗, ýêâèâàëåíòíîé íîðìå ‖.‖Em .
Äåéñòâèòåëüíî, â ñèëó (14) â êà÷åñòâå íîðìû ‖.‖∗ ìîæíî âçÿòü ëþáóþ íîðìó âèäà ‖.‖∗ ≡ ‖| . |‖(ε),
ãäå ‖.‖(ε) � ýêâèâàëåíòíàÿ íîðìå ‖.‖ íîðìà ïðîñòðàíñòâà E, ìîíîòîííàÿ îòíîñèòåëüíî óïîðÿäî-
÷åííîñòè E ïî êîíóñó íåîòðèöàòåëüíûõ ôóíêöèé è òàêàÿ, ÷òî íîðìà îïåðàòîðà G : E → E, ñîîò-
âåòñòâóþùàÿ íîðìå ‖.‖(ε), ìåíüøå ÷èñëà ε < 1. Ñóùåñòâîâàíèå òàêîé íîðìû ‖.‖(ε) ïðîñòðàíñòâà
E äëÿ ëþáîãî ÷èñëà ε > 0 âûòåêàåò èç ñëåäóþùåé ëåììû îá ýêâèâàëåíòíîé íîðìå, îïèðàþùåéñÿ
íà ôîðìóëó È.Ì. Ãåëüôàíäà äëÿ ñïåêòðàëüíîãî ðàäèóñà.

Ë å ì ì à 1 ( [31, ñ.91-92]). Ïóñòü B � áàíàõîâî ïðîñòðàíñòâî ñ íîðìîé ‖.‖, ìîíîòîííîé
îòíîñèòåëüíî ïîëóóïîðÿäî÷åííîñòè B ïî íåêîòîðîìó êîíóñó K. Åñëè G : B → B � êâàçè-
íèëüïîòåíòíûé ËÎÎ, äëÿ êîòîðîãî K ÿâëÿåòñÿ èíâàðèàíòíûì êîíóñîì, òî äëÿ ëþáîãî ε > 0
ñóùåñòâóåò ýêâèâàëåíòíàÿ íîðìå ‖.‖ íîðìà ‖.‖(ε) ïðîñòðàíñòâà B, ìîíîòîííàÿ îòíîñèòåëüíî
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ïîëóóïîðÿäî÷åííîñòè B ïî êîíóñó K, òàêàÿ, ÷òî íîðìà îïåðàòîðà G : B → B, ñîîòâåòñòâóþ-
ùàÿ íîðìå ‖.‖(ε), íå ïðåâîñõîäèò ε. Â êà÷åñòâå íîðìû ‖.‖(ε) ìîæåò áûòü âçÿòà íîðìà

‖x‖(ε) ≡
nε−1∑

i=0

∥∥Gi[x]
∥∥

εi
, x ∈ B,

ãäå nε òàêîâî, ÷òî nε
√
‖Gnε‖ 6 ε (íîðìà îïåðàòîðà ñîîòâåòñòâóåò íîðìå ‖·‖ ïðîñòðàíñòâà

B).
Óêàçàííàÿ ñõåìà èñïîëüçîâàëàñü, íàïðèìåð, â [10, 14�16, 22�25] äëÿ äîêàçàòåëüñòâà ëîêàëüíûõ

òåîðåì ñóùåñòâîâàíèÿ âîëüòåððîâûõ ôóíêöèîíàëüíî-îïåðàòîðíûõ óðàâíåíèé ñïåöèàëüíîãî âèäà
(?) è îáùèõ óðàâíåíèé âòîðîãî ðîäà (??) â ïðîñòðàíñòâàõ òèïà Lm∞. Ïðè ýòîì

G[x](t) = N ·B[x](t), t ∈ Π, x ∈ L∞, (15)

ãäå B[.] : L∞ → L∞ � ËÎÎ, íå çàâèñÿùèé îò ìíîæåñòâà X, êîòîðîå âûáèðàåòñÿ ðàâíûì ïðîåêöèè
PHUM (ẑ) íåêîòîðîãî øàðà UM (ẑ) ïðîñòðàíñòâà Lm∞ íà ïîäïðîñòðàíñòâî ôóíêöèé, çàíóëÿþùèõñÿ
âíå âîëüòåððîâà ìíîæåñòâà H îïåðàòîðà B, à N � çàâèñÿùàÿ îò X ïîñòîÿííàÿ.

Îäíàêî ïîâòîðåíèå òîé æå ñõåìû ðàññóæäåíèé ïðèìåíèòåëüíî, íàïðèìåð, ê óðàâíåíèÿì âèäà
(?) â ïðîñòðàíñòâå Lm

p (1 6 p < ∞) âîçìîæíî óæå ëèøü äëÿ äîâîëüíî óçêîãî êëàññà óðàâíåíèé.
Ïðè÷èíà â òîì, ÷òî äëÿ òåõ êëàññîâ ïîäìíîæåñòâ Lm

p (êëàññ øàðîâ Lm
p ; êëàññ ïðîîáðàçîâ øàðîâ

ïðè îòîáðàæåíèè A : Lm
p → Ll

q), â êîòîðûõ ïðè ýòîì åñòåñòâåííî èñêàòü ìíîæåñòâî X, óäîâëå-
òâîðÿþùåå óñëîâèþ (13), óñëîâèå (14), âîîáùå ãîâîðÿ, íå âûïîëíÿåòñÿ (òî÷íåå, îíî âûïîëíÿåòñÿ
ëèøü â íåêîòîðûõ ïðåäåëüíûõ ñëó÷àÿõ, îõâàòûâàþùèõ ñðàâíèòåëüíî óçêèé êðóã óðàâíåíèé âèäà
(?)).

Òåì íå ìåíåå âîçìîæíà òàêàÿ ìîäåðíèçàöèÿ óêàçàííîé âûøå ñõåìû èñïîëüçîâàíèÿ ïðèíöè-
ïà ñæèìàþùèõ îòîáðàæåíèé, êîòîðàÿ ïðèìåíèìà ê óðàâíåíèÿì âèäà (?) â ïðîñòðàíñòâàõ Lm

p

(1 6 p < ∞) è â îáùåé ñèòóàöèè. Äåëî â òîì, ÷òî äëÿ øèðîêîãî êëàññà òàêèõ óðàâíåíèé âìåñòî
óñëîâèÿ (14) âûïîëíÿåòñÿ óñëîâèå

|F [x](t)− F [y](t)| 6 G(x, y) [|x− y|] (t), t ∈ Π, x, y ∈ X, (16)

ãäå G(x, y)[.] : Lp → Lp � ËÎÎ, èìåþùèé âèä

G(x, y)[z](t) ≡ α[x, y](t) ·B[z](t), t ∈ Π, z ∈ Lp, (17)

â êîòîðîì B[.] : Lp → Lq � ôèêñèðîâàííûé ïîëîæèòåëüíûé ËÎÎ, α[., .] : Lm
p × Lm

p → Lr �
îãðàíè÷åííûé îïåðàòîð (q−1 + r−1 = p−1). Êàê ìû óâèäèì, âîçíèêàþùèå ïðè ýòîì ñåìåéñòâà

{G(x, y) ∈ L(Lp, Lq) : x, y ∈ X} (18)

îïåðàòîðîâ âèäà (17) â ñëó÷àå, êîãäà X � ïðîîáðàç øàðà ïðè îòîáðàæåíèè A, ÷àñòî îáëàäàþò
ñâîéñòâîì òàê íàçûâàåìîé ñóïåððàâíîñòåïåííîé êâàçèíèëüïîòåíòíîñòè (ñì.ï.5). Ýòî ïîçâîëÿåò (â
ñëó÷àå âûïîëíåíèÿ óñëîâèÿ (16)) âîñïîëüçîâàòüñÿ ïðèíöèïîì ñæèìàþùèõ îòîáðàæåíèé, çàìåíèâ
â ïðèâåäåííîé âûøå ñõåìå åãî èñïîëüçîâàíèÿ, îïèðàþùåéñÿ íà óñëîâèå (14), ïðèìåíåíèå ëåììû
1 ïðèìåíåíèåì ôîðìóëèðóåìîé íèæå òåîðåìû îá ýêâèâàëåíòíîé íîðìå (òåîðåìà 2).

5. Ðàâíîñòåïåííî êâàçèíèëüïîòåíòíûå ñåìåéñòâà îïåðàòîðîâ è òåîðåìà îá ýê-
âèâàëåíòíîé íîðìå. Ïóñòü B � áàíàõîâî ïðîñòðàíñòâî ñ íîðìîé ‖.‖, Γ � íåêîòîðîå ìíîæå-
ñòâî, {G(γ)[.] : B → B}γ∈Γ � ñåìåéñòâî çàâèñÿùèõ îò ïàðàìåòðà γ ∈ Γ êâàçèíèëüïîòåíòíûõ
ËÎÎ. Íàïîìíèì, ÷òî â ñîîòâåòñòâèè ñ ôîðìóëîé È.Ì. Ãåëüôàíäà êâàçèíèëüïîòåíòíîñòü ËÎÎ
G(γ)[.] : B → B îçíà÷àåò âûïîëíåíèå ïðåäåëüíîãî ñîîòíîøåíèÿ

k

√∥∥∥{G(γ)}k
∥∥∥ → 0 ïðè k →∞.
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Íàçîâåì ñåìåéñòâî îïåðàòîðîâ {G(γ)}γ∈Γ ðàâíîñòåïåííî êâàçèíèëüïîòåíòíûì, åñëè

k

√
sup
γ∈Γ

∥∥∥{G(γ)}k
∥∥∥ → 0 ïðè k →∞.

Ñåìåéñòâî {G(γ)}γ∈Γ íàçîâåì ñóïåððàâíîñòåïåííî êâàçèíèëüïîòåíòíûì, åñëè

k

√
sup

γ1,...,γk∈Γ
‖G(γ1)G(γ2) · . . . ·G(γk)‖ → 0 ïðè k →∞.

Î÷åâèäíî, ÷òî èç ñóïåððàâíîñòåïåííîé êâàçèíèëüïîòåíòíîñòè ñåìåéñòâà îïåðàòîðîâ ñëåäóåò
åãî ðàâíîñòåïåííàÿ êâàçèíèëüïîòåíòíîñòü. Ïðèâåäåì ïîëåçíûé äëÿ äàëüíåéøåãî ïðîñòîé ïðèìåð
ñåìåéñòâà îïåðàòîðîâ, íå ÿâëÿþùåãîñÿ ðàâíîñòåïåííî (è òåì áîëåå ñóïåððàâíîñòåïåííî) êâàçè-
íèëüïîòåíòíûì. Ïóñòü Π = [0, 1], B ≡ L1, Γ � ëåæàùåå íà åäèíè÷íîé ñôåðå U1(0) ïðîñòðàíñòâà
L1 ñåìåéñòâî ôóíêöèé

αm(t) = m · χ[0, 1
m

](t), 0 6 t 6 1 (m = 1, 2, . . .). (19)

Ïóñòü A[z](t) ≡
t∫
0

z(ξ)dξ, 0 6 t 6 1, z ∈ L1, à ñåìåéñòâî {G(γ)}γ∈Γ çàäàåòñÿ ôîðìóëîé

G(α)[z](t) ≡ α(t)A[z](t), t ∈ Π, z ∈ L1, (α ∈ Γ). (20)

Òàê êàê A[z](t) 6 1, 0 6 t 6 1 ïðè ëþáîì z ∈ U1(0) è mes {A[αj ] 6= 1} → 0 ïðè j → ∞ , òî äëÿ
ëþáûõ m, k ∈ N èìååì

∥∥∥{G(αm)}k
∥∥∥ = mk

∥∥∥∥
{

χ[0, 1
m

]A
}k

∥∥∥∥ = mk

∥∥∥∥
{

χ[0, 1
m

]A
}k−1

[1]
∥∥∥∥

1

=
m

(k − 1)!
,

à ñëåäîâàòåëüíî, ïðè êàæäîì k ∈ N

k

√
sup
γ∈Γ

∥∥∥{G(γ)}k
∥∥∥ = k

√
sup
m∈N

m · k

√
1

(k − 1)!
= ∞.

Ýòî è îçíà÷àåò îòñóòñòâèå ñâîéñòâà ðàâíîñòåïåííîé êâàçèíèëüïîòåíòíîñòè ó ñåìåéñòâà îïåðàòî-
ðîâ (20), åñëè Γ åñòü ñåìåéñòâî (19). Çàìåíÿÿ â (20) ñåìåéñòâî Γ, ëåãêî ïîëó÷èòü (ïðè òîì æå
B) ñóïåððàâíîñòåïåííîå ñåìåéñòâî îïåðàòîðîâ. Òàêèì áóäåò, íàïðèìåð, ñåìåéñòâî (20), åñëè çà
ìíîæåñòâî Γ âçÿòü êàêîé-ëèáî øàð â íåêîòîðîì Lp ïðè p ∈ (1,∞]. Ïðè p = ∞ ýòîò ôàêò äîñòàòî÷-
íî î÷åâèäåí, à ïðè p < ∞ îí ñëåäóåò èç ôîðìóëèðóåìûõ íèæå ïðèçíàêîâ ñóïåððàâíîñòåïåííîé
êâàçèíèëüïîòåíòíîñòè � òåîðåìû 3 è ëåììû 6.

Ñôîðìóëèðóåì òåïåðü óïîìèíàâøóþñÿ â ï.4 òåîðåìó îá ýêâèâàëåíòíîé íîðìå. Îíà ÿâëÿåòñÿ
îáîáùåíèåì ëåììû 1.

Ò å î ð å ì à 2 ([26, 27]). Ïóñòü íîðìà ‖.‖ ïðîñòðàíñòâà B ìîíîòîííà îòíîñèòåëüíî ïî-
ëóóïîðÿäî÷åííîñòè B ïî íåêîòîðîìó êîíóñó K 5. Ïóñòü {G(γ)[.] : B → B}γ∈Γ � ñåìåéñòâî
êâàçèíèëüïîòåíòíûõ ËÎÎ, äëÿ êàæäîãî èç êîòîðûõ êîíóñ K ÿâëÿåòñÿ èíâàðèàíòíûì. Ïóñòü
ýòî ñåìåéñòâî ðàâíîìåðíî îãðàíè÷åíî, òî åñòü

νG ≡ sup
γ∈Γ

‖G(γ)‖ < ∞,

5Óòâåðæäåíèå òåîðåìû îñòàíåòñÿ âåðíûì, åñëè èç íåãî èñêëþ÷èòü óïîìèíàíèå î êîíóñå K è î ìîíîòîííîñòè
íîðìû.
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è ñóïåððàâíîñòåïåííî êâàçèíèëüïîòåíòíî. Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ýêâèâàëåíòíàÿ
íîðìå ‖.‖ íîðìà ‖.‖(ε) ïðîñòðàíñòâà B, ìîíîòîííàÿ îòíîñèòåëüíî ïîëóóïîðÿäî÷åííîñòè B ïî
êîíóñó K, òàêàÿ, ÷òî ïðè êàæäîì γ ∈ Γ ñîîòâåòñòâóþùàÿ íîðìà G(γ) íå ïðåâîñõîäèò ÷èñëà
ε. Â êà÷åñòâå íîðìû ‖.‖(ε) ìîæåò áûòü âçÿòà íîðìà

‖x‖(ε) ≡ ‖x‖+
nε−1∑

j=1

ε−j sup
γ1,...,γj∈Γ

‖G(γ1)G(γ2) · . . . ·G(γj)[x]‖ , x ∈ B,

ãäå nε òàêîâî, ÷òî
nε

√
sup

γ1,...,γnε∈Γ
‖G(γ1)G(γ2) · . . . ·G(γnε)‖ 6 ε.

6. Ïðèçíàê ñóïåððàâíîñòåïåííîé êâàçèíèëüïîòåíòíîñòè ñåìåéñòâà èíòåãðàëüíûõ
îïåðàòîðîâ. Ïóñòü Π ⊂ Rn èìååò âèä Π = Π̂× [0, σ], Π̂ ⊂ Rn−1 (t1, . . . , tn−1), tn ∈ [0, σ]. Ââåäåì
îáîçíà÷åíèå t̂ ≡ col{t1, . . . , tn−1}, t = col{t̂, tn}. Ðàññìîòðèì èíòåãðàëüíûå îïåðàòîðû âèäà

A[z](t) ≡
tn∫

0

dsn

∫

Π̂

K(t, s)z(s)dŝ, t ∈ Π, (21)

ãäå K(., .) : Π×Π → R � ñóììèðóåìîå ÿäðî òàêîå, ÷òî ïðè íåêîòîðûõ p, q ∈ [1,∞], p < q

A ∈ L(Lp, Lq).

Ïóñòü r =
{

qp
q−p , åñëè q ∈ (p,∞); p, åñëè q = ∞

}
. Òîãäà äëÿ ëþáîé ôóíêöèè α(.) ∈ Lr îïåðàòîð

G(α)[.], çàäàâàåìûé ôîðìóëîé

G(α)[z](t) ≡ α(t)A[z](t), t ∈ Π, z ∈ Lp,

ïðèíàäëåæèò êëàññó L(Lp, Lp). Ïóñòü Γ � íåêîòîðîå ñåìåéñòâî ôóíêöèé èç åäèíè÷íîãî øàðà
U1(0) ïðîñòðàíñòâà Lr. Ïðè èçó÷åíèè óðàâíåíèé âèäà (?) â ïðîñòðàíñòâàõ òèïà Lm

p (1 6 p < ∞)
âñòðå÷àþòñÿ ñåìåéñòâà îïåðàòîðîâ âèäà

{G(α) ∈ L(Lp, Lp) : α ∈ Γ} . (22)

Ñôîðìóëèðóåì ïðèçíàê ðàâíîñòåïåííîé êâàçèíèëüïîòåíòíîñòè ñåìåéñòâà îïåðàòîðîâ (22). Îáî-
çíà÷èì ÷åðåç Aδ[.] èíòåãðàëüíûé îïåðàòîð, ôîðìóëà êîòîðîãî ïîëó÷àåòñÿ èç (21) çàìåíîé ÿäðà
K(t, s) íà ïðîèçâåäåíèå

Kδ(t, s) ≡
{
χ[tn−δ,tn](s

n+1) ·K(t, s)
}

.

Ïîëîæèì äëÿ ëþáûõ δ > 0, α ∈ Lr

Gδ(α)[z](t) ≡ α(t)Aδ[z](t), t ∈ Π, z ∈ Lp.

Ò å î ð å ì à 3 ([27]). Åñëè âûïîëíÿåòñÿ óñëîâèå

‖Gδ(α)‖p→p → 0 ïðè δ → 0 ðàâíîìåðíî ïî âñåì α ∈ Γ,

òî ñåìåéñòâî îïåðàòîðîâ (22) ñóïåððàâíîñòåïåííî êâàçèíèëüïîòåíòíî.
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7. Îáùèé öåïî÷å÷íûé ïðèçíàê ñóïåððàâíîñòåïåííîé êâàçèíèëüïîòåíòíîñòè ñå-
ìåéñòâà ôóíêöèîíàëüíûõ îïåðàòîðîâ. Ïóñòü E′ = E′(Π); E′′ = E′′(Π) � ÁÈÏ èçìåðèìûõ
íà Π ôóíêöèé, G : E′ → E′′ � ËÎÎ, T = {Hi}k

i=0 � âîëüòåððîâà öåïî÷êà îïåðàòîðà G. Ïîëîæèì

hi ≡ Hi \Hi−1, i ∈ 1, k. Òàê êàê I =
k∑

i=1
Phi è â ñèëó âîëüòåððîâîñòè

Phi
GPhj

= 0 ïðè i < j,

òî îïåðàòîð G èìååò ïðåäñòàâëåíèå

G =
k∑

i=1

i∑

j=1

PhiGPhj ≡
∑

k>i>j>1

PhiGPhj .

Íàçîâåì öåïî÷êó T âîëüòåððîâîé ñèëüíîé δ-öåïî÷êîé îïåðàòîðà G, åñëè
∥∥PhiGPhj

∥∥
E′→E′′ 6 δ, k > i > j > 1.

Ïîíÿòíî, ÷òî âñÿêàÿ âîëüòåððîâà ñèëüíàÿ δ-öåïî÷êà ÿâëÿåòñÿ âîëüòåððîâîé δ-öåïî÷êîé òîãî æå
îïåðàòîðà. Îáðàòíîå íåâåðíî. Ñïðàâåäëèâ ñëåäóþùèé öåïî÷å÷íûé ïðèçíàê ðàâíîñòåïåííîé êâà-
çèíèëüïîòåíòíîñòè ôóíêöèîíàëüíûõ îïåðàòîðîâ.

Ò å î ð å ì à 4 ([26, 27]). Åñëè ñåìåéñòâî îïåðàòîðîâ {G(γ)[.]}γ∈Γ ⊂ L(E, E) óäîâëåòâîðÿåò
óñëîâèþ { ∀δ > 0 ∃ îáùàÿ äëÿ âñåõ îïåðàòîðîâ ñåìåéñòâà

âîëüòåððîâà ñèëüíàÿ δ−öåïî÷êà, (23)

òî ýòî ñåìåéñòâî îïåðàòîðîâ ñóïåððàâíîñòåïåííî êâàçèíèëüïîòåíòíî.

Ñôîðìóëèðóåì ïðîñòîå, íî ïîëåçíîå ñëåäñòâèå òåîðåìû 4.
Ò å î ð å ì à 5 ([26, 27]). Åñëè âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 4, òî ñåìåéñòâî îïåðàòîðîâ,

ñîñòàâëåííîå èç âñåâîçìîæíûõ ïîïàðíûõ ñóìì îïåðàòîðîâ ñåìåéñòâà {G(γ)}γ∈Γ, ÿâëÿåòñÿ ñó-
ïåððàâíîñòåïåííî êâàçèíèëüïîòåíòíûì. Òî æå ñàìîå ìîæíî ñêàçàòü è ïðî ñåìåéñòâî îïåðà-
òîðîâ, ñîñòàâëåííîå èç âñåâîçìîæíûõ ïîïàðíûõ ïðîèçâåäåíèé îïåðàòîðîâ äàííîãî ñåìåéñòâà
{G(γ)}γ∈Γ.

8. Ñëó÷àé ëåáåãîâûõ ïðîñòðàíñòâ. Â êîíêðåòíûõ îïåðàòîðíûõ êëàññàõ ïðèçíàêàì ðàâíî-
ñòåïåííîé êâàçèíèëüïîòåíòíîñòè ïðåäûäóùåãî ïóíêòà ìîæíî ïðèäàòü áîëåå óäîáíûé äëÿ ïðèëî-
æåíèé âèä. Ñôîðìóëèðóåì, íàïðèìåð, íåñêîëüêî ïîäîáíûõ ñëåäñòâèé óêàçàííîãî âûøå îáùåãî
öåïî÷å÷íîãî ïðèçíàêà ñóïåððàâíîñòåïåííîé êâàçèíèëüïîòåíòíîñòè, íàøåäøèõ ïîëåçíîå ïðèìå-
íåíèå â òåîðèè ÓÑÃÐ óïðàâëÿåìûõ ÍÊÇ äëÿ ãèïåðáîëè÷åñêèõ è ïàðàáîëè÷åñêèõ óðàâíåíèé.

Íàïîìíèì, ÷òî ñåìåéñòâî Γ ⊂ Lr (r ∈ [1,∞)) íàçûâàåòñÿ ñåìåéñòâîì ôóíêöèé ñ ðàâíîñòå-
ïåííî àáñîëþòíî íåïðåðûâíûìè íîðìàìè, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî
äëÿ êàæäîãî H ⊂ Π, mesH < δ, èìååì ‖α‖Lr(H) < ε ïðè âñåõ α ∈ Γ. Êàê ñëåäóåò èç íåðà-
âåíñòâà Ãåëüäåðà, ñåìåéñòâîì ñ ðàâíîñòåïåííî àáñîëþòíî íåïðåðûâíûìè Lr-íîðìàìè ÿâëÿåòñÿ,
íàïðèìåð, ëþáîå îãðàíè÷åííîå â íåêîòîðîé íîðìå Lν , ν ∈ (r,∞], ìíîæåñòâî èç Lr.

Ïóñòü çàäàíû: ÷èñëà p, q ∈ [1,∞], p 6 q; ËÎÎ G : Lp → Lq ; ìíîæåñòâî Γ ⊂ Lr, ãäå

r =
{

pq

q − p
, åñëè p < q < ∞; p, åñëè p < q = ∞; ∞, åñëè p = q

}
.

Ðàññìîòðèì ñåìåéñòâî ËÎÎ F : Lp → Lp, çàäàâàåìîå ôîðìóëîé

F [z](t) ≡ α(t)G[z](t), t ∈ Π, z ∈ Lp (α ∈ Γ). (24)
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Ë å ì ì à 6 ([26, 27]). Åñëè p < q è âûïîëíÿþòñÿ óñëîâèÿ:
{

Γ � ñåìåéñòâî ôóíêöèé ñ ðàâíîñòåïåííî
àáñîëþòíî íåïðåðûâíûìè Lr − íîðìàìè;

(25)

{ ∀δ > 0 ËÎÎ G : Lp → Lq èìååò
δ-ìàëóþ ïî ìåðå âîëüòåððîâó öåïî÷êó,

(26)

òî çàäàâàåìîå ôîðìóëàìè (24) ñåìåéñòâî ËÎÎ F : Lp → Lp óäîâëåòâîðÿåò óñëîâèþ (23) è
ñóïåððàâíîñòåïåííî êâàçèíèëüïîòåíòíî.

Ë å ì ì à 7 ([26, 27]). Åñëè âûïîëíåíû óñëîâèÿ:

Γ � îãðàíè÷åííîå ìíîæåñòâî â Lr; (27)
{ ∀ δ > 0 ËÎÎ G : Lp → Lq èìååò

âîëüòåððîâó ñèëüíóþ δ − öåïî÷êó, (28)

òî çàäàâàåìîå ôîðìóëàìè (24) ñåìåéñòâî ËÎÎ F : Lp → Lp óäîâëåòâîðÿåò óñëîâèþ (23) è
ñóïåððàâíîñòåïåííî êâàçèíèëüïîòåíòíî.

Ë å ì ì à 8 ([26, 27]). Åñëè q < ∞, îïåðàòîð G âïîëíå íåïðåðûâåí è âûïîëíåíû óñëîâèÿ (26),
(27), òî çàäàâàåìîå ôîðìóëàìè (24) ñåìåéñòâî ËÎÎ F : Lp → Lp óäîâëåòâîðÿåò óñëîâèþ (23)
è ñóïåððàâíîñòåïåííî êâàçèíèëüïîòåíòíî. Óñëîâèå âïîëíå íåïðåðûâíîñòè çäåñü ìîæåò áûòü
îñëàáëåíî äî ñëåäóþùåãî óñëîâèÿ:

{
ËÎÎ G : Lp → Lq ïåðåâîäèò åäèíè÷íûé øàð â ìíîæåñòâî

ôóíêöèé ñ ðàâíîñòåïåííî àáñîëþòíî íåïðåðûâíûìè íîðìàìè. (29)

Ïîëåçíî ñëåäóþùåå îáîáùåíèå ëåììû 8, ïîëó÷àþùååñÿ¿îáúåäèíåíèåì óñëîâèéÀ (26) è (29).
Ïóñòü H ⊂ Σ, M ⊂ Lq, 1 6 q < ∞. Áóäåì ãîâîðèòü, ÷òî ñåìåéñòâî ôóíêöèé M îáëàäàåò H-
ðàâíîñòåïåííî àáñîëþòíî íåïðåðûâíûìè Lq-íîðìàìè, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0
òàêîå, ÷òî ‖α‖Lq(H) < ε äëÿ êàæäîãî H ∈ H , mes H < δ ïðè âñåõ α ∈ M.

Ë å ì ì à 9 ([26, 27]). Ïóñòü q < ∞, âûïîëíåíî óñëîâèå (27), à òàêæå óñëîâèå (26), êîòîðîå
çàïèøåì ñëåäóþùèì îáðàçîì:

{ ∀ δ > 0 ËÎÎ G : Lp → Lq èìååò
δ − ìàëóþ ïî ìåðå âîëüòåððîâó öåïî÷êó Tδ.

Ïóñòü H ≡ ⋃
δ>0

T (−)
δ . Åñëè

{
ËÎÎ G : Lp → Lq ïåðåâîäèò åäèíè÷íûé øàð â ìíîæåñòâî

ôóíêöèé ñ H-ðàâíîñòåïåííî àáñîëþòíî íåïðåðûâíûìè Lq-íîðìàìè,

òî çàäàâàåìîå ôîðìóëàìè (24) ñåìåéñòâî ËÎÎ F : Lp → Lp óäîâëåòâîðÿåò óñëîâèþ (23) è
ñóïåððàâíîñòåïåííî êâàçèíèëüïîòåíòíî.

Çàìåòèì, ÷òî ïîñòðîåíèÿ äâóõ ïîñëåäíèõ ïóíêòîâ åñòåñòâåííûì îáðàçîì ðàñïðîñòðàíÿþòñÿ
íà ñëó÷àé îïåðàòîðîâ, äåéñòâóþùèõ â ïðîñòðàíñòâàõ âåêòîð-ôóíêöèé.
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9. Ïðèìåðû óñëîâèé ñîõðàíåíèÿ ãëîáàëüíîé ðàçðåøèìîñòè âîëüòåððîâûõ ôóíê-
öèîíàëüíî-îïåðàòîðíûõ óðàâíåíèé. Ñôîðìóëèðóåì íåêîòîðûå äîñòàòî÷íî îáùèå òåîðåìû
îá óñëîâèÿõ ÓÑÃÐ óïðàâëÿåìîãî ôóíêöèîíàëüíî-îïåðàòîðíîãî óðàâíåíèÿ (?). Áóäåì ñ÷èòàòü,
÷òî f(t,p,v) : Π × Rl × Rs → Rm � çàäàííàÿ ôóíêöèÿ, äèôôåðåíöèðóåìàÿ ïî p íà Rl äëÿ
êàæäîãî v ∈ Rs ïðè ïî÷òè âñåõ t ∈ Π è âìåñòå ñ f ′p(t,p,v) èçìåðèìàÿ ïî t íà Π äëÿ êàæäîé ïàðû
{p,v} ∈ Rl ×Rs è íåïðåðûâíàÿ ïî {p,v} äëÿ ïî÷òè êàæäîãî t ∈ Π.

Ðàññìîòðèì ñíà÷àëà ñëó÷àé óðàâíåíèÿ (?) íàä ïðîñòðàíñòâîì Lm∞. Ïóñòü: A : Lm∞ → Ll∞ �
çàäàííûé ËÎÎ; v(.) : Π → Rs � óïðàâëÿþùàÿ ôóíêöèÿ èç íåêîòîðîãî ìíîæåñòâà D ⊂ Ls∞.
Áóäåì ñ÷èòàòü, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ à) � ã):

à) f è f ′p îãðàíè÷åíû íà ëþáîì îãðàíè÷åííîì ìíîæåñòâå;
á) D îãðàíè÷åíî â Ls∞;
â) ËÎÎ A : Lm∞ → Ll∞ ðåãóëÿðåí;
ã) äëÿ êàæäîãî δ > 0 ñóùåñòâóåò ìàæîðàíòà B : L∞ → L∞ îïåðàòîðà A, èìåþùàÿ âîëüòåððîâó

δ-öåïî÷êó.
Ïðè óñëîâèÿõ à) � ã) ëþáîìó óïðàâëåíèþ v ∈ D ìîæåò îòâå÷àòü íå áîëåå îäíîãî ðåøåíèÿ

óðàâíåíèÿ (?) â ïðîñòðàíñòâå Lm∞. Ïóñòü Ω � êëàññ òåõ óïðàâëåíèé v ∈ D, êàæäîìó èç êîòîðûõ
îòâå÷àåò òàêîå ãëîáàëüíîå ðåøåíèå zv ∈ Lm∞ óðàâíåíèÿ (?). Ïðîèçâîëüíî ôèêñèðóåì íåêîòîðûé
ýëåìåíò v0 ∈ Ω. Ïóñòü z0 ≡ zv0 . Äëÿ v ∈ D ïîëîæèì

∆vf(z0)(t) ≡ f(t, A[z0](t), v(t))− f(t, A[z0](t), v0(t)),

rA(v, v0) ≡ ‖A[∆vf(z0)]‖Ll∞(Π).

Ò å î ð å ì à 6 ([26]). Ïðè óêàçàííûõ óñëîâèÿõ íàéäóòñÿ ÷èñëà ε > 0 è C > 0 òàêèå, ÷òî
âñÿêîå óïðàâëåíèå v ∈ D, óäîâëåòâîðÿþùåå íåðàâåíñòâó

rA(v, v0) < ε,

ïðèíàäëåæèò êëàññó Ω, ïðè ýòîì

‖zv − z0‖Lm∞(Π) 6 C · ‖∆vf(z0)‖Lm∞(Π),

‖A[zv − z0]‖L∞(Π) 6 C · rA(v, v0).

Êîíêðåòíûå ïðèìåíåíèÿ ïîäîáíûõ òåîðåì ÓÑÃÐ ê ðàçíîîáðàçíûì ÍÊÇ ñì., íàïðèìåð, â [10,
14�17, 21�24]. Ñôîðìóëèðîâàííàÿ òåîðåìà îáîáùàåòñÿ íà ñëó÷àé, êîãäà óïðàâëåíèå â (?) îñó-
ùåñòâëÿåòñÿ íå òîëüêî ñ ïîìîùüþ ôóíêöèè v(·), íî è ñ ïîìîùüþ îïåðàòîðà A (ñì., íàïðèìåð,
[10, ï.I.2.4]).

Ðàññìîòðèì òåïåðü ñëó÷àé óðàâíåíèÿ (?) íàä ïðîñòðàíñòâîì Lm
p , 1 6 p < ∞. Ïóñòü: p, q, k �

çàäàííûå ÷èñëà, 1 6 p 6 q < ∞, 1 6 k 6 ∞; A : Lm
p → Ll

q � çàäàííûé ËÎÎ; v(.) : Π → Rs �
óïðàâëÿþùàÿ ôóíêöèÿ èç íåêîòîðîãî ìíîæåñòâà D ⊂ Ls

k.

Áóäåì ñ÷èòàòü âûïîëíåííûìè ñëåäóþùèå óñëîâèÿ a) � f):
a) ôîðìóëà F [y, v](t) ≡ f (t, y(t), v(t)) , t ∈ Π, y(.) ∈ Ll

q, v(.) ∈ D ⊂ Ls
k îïðåäåëÿåò

îïåðàòîð F [·, ·] : Ll
q ×D → Lm

p ;
b) ôîðìóëà Φ[y, v](t) ≡ f (t, y(t), v(t)) , t ∈ Π, y(.) ∈ Ll

q, v(.) ∈ D ⊂ Ls
k îïðåäåëÿåò

îãðàíè÷åííûé îïåðàòîð Φ[·, ·] : Ll
q × D → Lm×l

r , ãäå q−1 + r−1 = p−1; ïóñòü Γ ⊂ Lr � ìíîæåñòâî
âñåõ ôóíêöèé âèäà |Φ[A [z] , v] (t)| , t ∈ Π, ãäå z(.) ∈ Lm

p , v(.) ∈ D;
c) D îãðàíè÷åíî â Ls

k;
d) ËÎÎ A : Lm

p → Ll
q ðåãóëÿðåí;

e) ñóùåñòâóåò ËÎÎ B : Lp → Lq, ìàæîðèðóþùèé A è îáëàäàþùèé äëÿ êàæäîãî δ > 0
âîëüòåððîâîé δ-öåïî÷êîé;

464



Âåñòíèê ÒÃÓ, ò. 15, âûï. 1, 2010

f) ïðè ëþáîì ν > 0 ñåìåéñòâî äåéñòâóþùèõ â Lp îïåðàòîðîâ {αB : α ∈ Γ, ‖α‖r 6 ν} ñóïåððàâ-
íîñòåïåííî êâàçèíèëüïîòåíòíî.

Ïðè óñëîâèÿõ a) � f) ëþáîìó óïðàâëåíèþ v ∈ D ìîæåò îòâå÷àòü íå áîëåå îäíîãî ðåøåíèÿ
óðàâíåíèÿ (?) â ïðîñòðàíñòâå Lm

p . Ïóñòü Ω � êëàññ òåõ óïðàâëåíèé v ∈ D, êàæäîìó èç êîòîðûõ
îòâå÷àåò òàêîå ãëîáàëüíîå ðåøåíèå zv ∈ Lm

p óðàâíåíèÿ (?). Ïðîèçâîëüíî ôèêñèðóåì íåêîòîðûé
ýëåìåíò v0 ∈ Ω. Ïóñòü z0 ≡ zv0 . Äëÿ v ∈ D ïîëîæèì

rA(v, v0) ≡ ‖A[∆vf(z0)]‖Ll
q
,

ãäå, êàê è ðàíüøå, ∆vf(z0)(t) ≡ f(t, A[z0](t), v(t))− f(t, A[z0](t), v0(t)).
Ò å î ð å ì à 7 ([26]). Ïðè óêàçàííûõ óñëîâèÿõ äëÿ ëþáîãî γ > 0 íàéäóòñÿ ÷èñëà ε > 0 è

C > 0 òàêèå, ÷òî âñÿêîå óïðàâëåíèå v ∈ D, ‖v − v0‖Ls
k

< γ, óäîâëåòâîðÿþùåå íåðàâåíñòâó

rA(v, v0) < ε,

ïðèíàäëåæèò êëàññó Ω, ïðè ýòîì

‖zv − z0‖Lm
p

6 C · ‖∆vf(z0)‖Lm
p

,

‖A[zv − z0]‖Ll
q

6 C · rA(v, v0).

Êîíêðåòíûå ïðèìåíåíèÿ ïîäîáíûõ òåîðåì ÓÑÃÐ ê óïðàâëÿåìûì ÍÊÇ ñì., íàïðèìåð,
â [28 � 30].
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Sumin V. I. Uniform quasinilpotency: de�nitions, conditions, examples of applications. De�nition of uniform
quasinilpotent family of the operators and de�nition of superuniform quasinilpotent family of the operators are
introduced. Corresponding conditions for functional operators are formulated. Applications of these de�nititions
and conditions in the theory of controllable Volterra functional-operator equations are discussed.
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