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HEOBXO/JINMOCTBb YCJIOBUI TPAHCBEPCAJILHOCTU HA
BECKOHEYHOCTHU N YCTOMYNMBOCTD COIPAYKEHHON
MNEPEMEHHOM

© MO.B. XjgonuH

Karouesnvie caosa: onTuMasbHOE yrpaBeHne; 3a/1a49a Ha OECKOHEYHOM IMPOMEXKYTKE; YCJIO-
BHE TPAHCBEPCAJHHOCTH HA OECKOHEYHOCTH; HEOOXOAUMbBIE YCIOBUS OMTUMAIBHOCTH; YCTOM’-
9uBOCTD 1O JIamyHoBy; MuHOXKUTe H Jlarpanxa.

B pabore obcyxmaroTcs HeOOXOIUMbIE YCIOBUS ONTUMATBHOCTH JJIs 33739 YIPABICHU HA
0OeCKOHEYHOM MPOMexKyTKe Bpemenu. [lokazaHo, 9TO KpaeBoe yCJIOBHE IJjis COMPSKEHHOM
MEePEMEHHOW CTAHOBUTCS HEOOXOANMBIM, €CJTM 9Ta TIEPEMEHHAsT YACTUIHO yCTOWanBa 1o JIs-
nyHoBy. ITokaszano, uTo mpemioxkennas B [3] dbopmyna H0MoTHSIET COOTHOIIEHNsT TPUHITANA
MaKCHMYMa, JI0 TOJTHOTO MHOYKECTBA HEOOXOIMMBIX IS ONTHMAJIBHOCTH YCIOBUN B TOM CJIy-
4gae, ecIu BXOAAIINHA B POPMYTy HECOOCTBEHHBIH MHTErPAT YCIOBHO CXOAUTCS U HEMIPEPBIBHO
3aBUCHUT OT HAYAIHHON MMO3UIINH.

IMpuanun makcumyma Iorrpsruna (TIMIT) yxe B mororpadun [1] 661 cdhopmyanposan u
JUTS 33189 yIIPaBJAeHUd HA HECKOHETHOM ITPOMEKYTKE, OJTHAKO MOy YeHHbIE COOTHOIIIEHUS HE TI0JI-
HBI ¥ BBIJEIIIOT, BOOOIIE TOBOPS, CJAUIIKOM IITHPOKOE CEMENCTBO TOM03PUTETHHBIX HA SKCTPEMYM
TPAEKTOPHUil, U HyKHO HAJOXKUTH KpaeBoe ycjoBue Ha Heckoneunoctu. Ilpemioxkeno gocrarod-
HO MHOTO BAPHMAHTOB TAKWX yCa0BHi [2 6]; ogHako kak mokasano, Hanpumep, B [2; 3, §6; 7; 8,
Example 10.2], 3mn ycsioBust MOTYT KaK OKa3aThCst HECOBMECTHBIMI ¢ cooTrommennsimu [IMII, mak
u caegoBarh u3 Hux. OTCHOAa NPUXOAUTCS UCCAeA0BaTh [2 9| mpMMEHMMOCTH TOrO WM MHOTO
KPaEeBOTO YCJOBUS, a €ro HEOOXOANMOCTD /1T KayK 0N ONMTUMUBAIIMOHHON 33211 TTPOBEPSIThH OT-
nenbHO. [lepBast mesb JAHHOTO MCCAEI0OBaHUS  CHOPMYINPOBATH OOMMHA OAX0 /s ToAbopa
HEeOOXOMMOT0 B JAHHON 3a/1a9e KPAEBOr0 YCAOBUS HA DECKOHEUHOCTH.

Ho meobxoguMocTh TOTO WJIHM WHOTO YCJIOBHSI HE O3HAYAET €r0 HeTPUBWAJIHHOCTH Ha PETTEHN-
ax [IMII, mosromy xorenoch 661 TOA0OPATH YCA0BHE, BBIACAIIONIEE /i BCAKOTO OMTUMAJIBHOTO
yrpasienus: ogro pererne coorrorrernit IIMIL. B pa6ore [3] C.M. Aceesbim n A.B. Kpstxmwm-
CKuM Tpeiokena hopMmysia Jijis ConpsizkeHHoi nepemennoit (no tuny dgopmyabr Kommu) ¢ takum
croiicTBOM. Bropast mesh — MakCHMaJIbHO PACIUpUTh 00/1aCTh IPUMEHEeHns Toaxoa |3].

B pamkax gaHHOTO UCC/eOBaHUS CHAYA/Ia CO3JAeTCsd ODUKOMIIAKTHOE PACIIUPEHUE TPOCTPAH-
CTBa IOMYyCTUMBIX YIIPABJIEHNUH KAk OOPATHBIN Tpefes TOCIEI0BATEBHOCTH COOTBETCTBYOIINX
KOMTTAKTH(OUKAIINI Ha KOHEIHOM MPOMEXKYTKE, TaK B 0000IIEHHON 3aJade JOCTUTAETCS OTITH-
manbHoe pemenune. Cuenys cxeme |3, §7 9| u nepeiing k ynpasiaeausim [aMkpeuaze, 1yst BCIKOR
WCXOAHOM 3a/1a9n Ha OECKOHETHOM MMPOMEXKYTKE CTPOUTCS TaKasl MOCIET0BATEIHHOCTh KOHETHBIX
3ajiad, UTO TPHU JMOJKHOM BbIOOpE Tomojoruit pemenusi coorrornennit [IMIT u onTumansHbIe
VIPABJIEHUS CXOAATCS HA KOHETHBIX MPOMEXKYTKAX K HUM K€, HO YK€ WCXOAHON 3amadu. Tem
cambiM nokazana Heobxommmocth IIMII B hopme Knapka m B ycioBusix 6ojee obIux, deM B
[3,5,8]; B cpaBHenun c [9] Tpebyercsi HENPEPHIBHOCTH PABOI YaCTH IO U, HO He HY’KHA PABHO-
MepHasd OIPAHUYEHHOCTh COIPAXKEHHON IepeMeHHO.

Ecin Bo BCmoMoOraTebHBIX 3ajlad4ax HEOOXOAMMbI OBLIM TaKYKe HEKOTOPBIE KPAEBbIE YCJIO-
BUS Ha COMPSKEHHYIO MEPEMEHHYIO 1), TO JjId WX IePEHOCA B KAYECTBE HEOOXOIUMBIX YCJI0-
B B UCXOOHYIO 33/a49y JOCTATOYHO MHTErpabHON 4acTUYHON yCTORUYNBOCTU /14 CONPAKEHHOMN
nepeMenHoit 1), Kak KoMmmoHeHThl cucrtembl [IMII. Tem cambiM mosydenbr 60jiee obimme, e,
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Hanpumep, B 8], mpeanonoxkenus, rapaHTUPyOImMe HEOOXOAUMOCTD YCJIOBUH HA CONPSIZKEHHYO
nepeMennyio (B 3a7a49e o CBOGOIHBIM TIPaBbIM KOHIOM 310: 1)(t) — 0 mpu t — 00 ).

Hasnee, B ciygae rinagxoctu (o ¢hasoBoil mepeMenHoil) mpasoit 9acT ypaBHEHUS JTUHAMUKA 1
EeJIEBOro (PYHKITMOHAA MOYKHO BMECTO MHTErPAJIbHON YaCTUYHON YCTOHINBOCTH POBEPATH 0O-
Jiee TIPOCTOe YCJIOBHE — YaCTUYHYI0 YCTORIMBOCTH 110 JIsimyHoBy nepementoit ¥ (wam () A(+))
KaK KOMITOHEHTHI perrernii cucrembl TTMII.

Hanoxum Kpaepoe ycaosue ne Ha 1), a Ha npouspegenue (-)A(+) mag HEKOTOPOH MaTpud-
HO3HAUHOW yHKimn A(-) (Croga BKJIAAbIBAIOTCS U KpaeBble ycjaoBus Ha nosegenue ¥(-)z(-) ).
Takoe ycjaoBWe cTaneT HEOOXOAWMBLIM TIpH ycToitanBocTn nponssenennst Y (-)A(+), 910 MOXKHO
obecneunts BEIOOpOM A. Ilpm 3TOM BLIGOP A MOXKET YYECTh TAaKXKe ampHOPHYI0 HHGOPMA-
o 00 yCTOWYMBOCTH M aCUMITOTHYECKWE ONEHKW JJIst ) WJIu ee KOMTIOHeHT. Ecan Tenepns B
KauecTBe MATPHUIBI A B34Th MATPUYHYIO SKCIOHEHTY BJIIOJL ONTHUMATILHON TPAeKTOPHUH, TO U3
COOTBETCTBYIONIErO KPAEBOTO YCJIOBUS aBTOMATUYECKU BBIMTUCHLIBAETCA (DOPMYJIa, TOTyIeHHas B
[3, Teopempr 11.1, 12.1| anst 3amaun co cBoOGOMHBIM TpaBbiM KOHIIOM. Kak mokazano B |3, §16]
pesyabrarsl [4, 8 crepyror mis roit 3amadn us [3, Teopema 12.1].

3

Takoit BBIOOP MaTpumbl A TO3BOIAET CBECTH BOMPOC 0 HEOOXOAMMOCTH COOTBETCTBYIOIIETO
yCJIoBUST fayke He K ycroiansoct nponssenennst P(-)A(+), a k mporepke cxogumoctn (110 Pu-
MaHy) M HENPEPBIBHON 3aBUCHMOCTH OT HAYAJIBHON MO3UIMK MCXOAHON 381891 UCIOIB3yEMOTO B
dopwmye [3, (12.8)] HecobeTeHHOTO WHTErpaga. JTO CYIMECTBEHHO OCIA0JISIET TTPEITOT0KEHIsT
[3,reopema 12.1]. Pesysnbrarer pabor [6, 9] (B uactu HEOOXOAMMBIX yCJI0BUiT) TAKXKe BKJIAJbIBA-
IOTCA, B T. 9. W 715 3a7a9 ¢ pa30BbIM OTPAHWYEHNEeM Ha MPaBhlil KOHEI.
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BJIATOJAPHOCTU: Pa6ora wactuano nogmepkana rpantom Poccutickoro ¢omma dynma-
meHTanbHbIX uccaegopanuii (Ne 09 01 00436) u nporpammoit npesugnyma PAH «Maremarnue-
CKasi TEOPUS YITPABJIEHUST.

Khlopin D.V. Necessity of transversality conditions for infinite horizon problems and stability
of shadow prices. This note discusses necessary conditions of an optimality for infinite-horizon
optimal control problems. Assuming that the shadow prices is partially stable it is shown that
a transversality condition for shadow prices is the necessary optimality conddition. We develop
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a version of the Pontryagin maximum principle providing a complete set of necessary optimality
conditions. The dominating discount condition is not assumed.

Key words: optimal control; Infinite horizon; infinite horizon transversality condition; neces-
sary conditions of optimality; Lyapunov stability; shadow prices.
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SOME PROBLEMS OF ON-TARGET CONTROL
FOR A CLASS OF CONTINUOUS-DISCRETE SYSTEMS

© A.L. Chadov, V.P. Maksimov

Key words: abstract functional differential equations; hybrid systems; control problems.
For a functional differential system with continuous and discrete times, the problem of control
with respect to an on-target vector-functional is considered. Conditions for the solvability
of the problem are obtained.

We consider here a system of functional differential equations (FDE, FDS) that, formally
speaking, is a concrete realization of the so-called abstract functional differential equation
(AFDE). Theory of AFDE is thoroughly treated in [1, 2]|. On the other hand, the system
under consideration is a typical one met with in mathematical modeling economic dynamic
processes and covers many kinds of dynamic models with aftereffect (integro-differential, delayed
differential, differential difference, difference) and impulsive perturbations resulting in system’s
state jumps at prescribed time moments. The equations of the system contain simultaneously
terms depending on continuous time, ¢ € [0,77, and discrete, ¢t € {0,¢1,...,t,, T}, this is why
the term <«hybrid» seems to be suitable. As this term is deeply embedded in the literature in
different senses, we will follow the authors employing the more definite name «continuous-discrete
systems» (CDS), see, for instance [3, 4], and references therein. Notice that in [3] a detailed
motivation for studying CDS and examples of applications can be found together with results
on stabilization, observability and controllabality for a class of linear CDS with continuous-time
dynamics described by ordinary differential equations.

The abstract functional differential system [1]

5r =0z + f (1)

is considered, where = = col(y,z), vy : [0,T] — R™, z : {0,t1,...,tn, T} — RV,
oz = col(y,Az), (Az)(t:) = 2(t:i) — 2(0),0 = < 811 glz > ; ©11:DS" — L™, Oy
21 O22
MY — L™, ©O9 : DS™ — MV, Oy : MY — MYV are linear operators. Given sets [ =
= {0,t1,..,t,,T}H0 < t1 < ... < t, <T5;J ={0,71,.., T, T},0 < 71 < ... < Ty < T, the
spaces DS™ and MYV are defined as follows. Let us denote the characteristic function of the
set A by xa. DS™ (see [2]) is the space of functions y : [0,7] — R™ representable in the
form y(t) = y(0) + fg y(s)ds + 31" Xpr) (D) [y(7) — y(mi = 0)] 5 MV is the space of functions
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