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Invariants for multiplicity-free actions
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Let a connected compact Lie group K act on a finite-dimensional vector space V over
C linearly. Then K acts on the ring P(V) of holomorphic polynomials naturally. It is
important to know when such an action is multiplicity-free. In particular, it is true for
the action of K on p_ for a non-compact Hermitian symmetric space G/K. We present
four examples of multiplicity-free actions that are not weakly equivalent to any action of
Hermitian type.
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Let V' be a finite-dimensional vector space over C, K a connected compact Lie
group acting on V linearly. Then K acts on the ring of (holomorphic) polynomials
P (V) naturally. The action (K,V) is multiplicity-free if each irreducible K-module
appears in P(V') at most one. In this paper we describe K-invariant polynomials
and K-invariant differential operators for certain multiplicity-free actions.

Take a K-invariant inner product (-,-)y on V. Then we can take the Fischer
inner product (-, )= on P(V) given by

(F,9)7 =~y / £(2) 90 % dpu(z),

where y is the Lebesgue measure on V ~ R2dimV,

Let P(V) and PD(V) be the ring of anti-holomorphic polynomials and the ring
of differential operators on V' with polynomial coefficients, respe}c{tively. The group
K acts also on P(V) and PD(V). We denote by <P(V) ® m> and by PD(V)K
the subrings of K-invariants, respectively.

Each irreducible K-module P, is determined by the highest weight A. Denote by
A the set of highest weights A\ for P(V'). The element A\ € A is fundamental if the
highest weight vector hy corresponding to A is irreducible (as a polynomial). Let Ag
be the set of fundamental highest weights in A. Then A is a free Abelian semigroup
with a basis Ag. We call the number of elements of A the rank of (K, V).

For A € A we take an orthonormal basis {fi,..., fa,} for K-submodule Pj,
where d) = dim Py. Then we have a K-invariant polynomial p,(z, %) and K-invariant
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differential operator py(z,0) given by

dx

(7)) =) F()]i(),
j=1
da

pa(z,0) =Y fi(2)f;(9),
j=1

where f(0) =, @0 for f(2) =, a.2.
The following theorem is given by Howe and Umeda.

Theorem 1 (Howe-Umeda) Let A\ € Ag. Polynomials p\(z,Z) and differential

K
operators px(z,0) are algebraically independent and generate (P(V) ® P(V)) and
PD(V)E, respectively.

For each irreducible K-submodule Py of P(V), the K-invariant differential ope-
rator py(z,d) preserves any irreducible K-submodule P, and acts on P, as a scalar
multiple operator, that is, there exists ¢y, € C such that px(z,9)|p, = cxldp,. We
call ¢y, a binomial coefficient.

The typical multiplicity-free action is derived from a non-compact Hermitian
symmetric pair (G, K). Let g, € be Lie algebras of G, K, respectively. We denote by
g = £+ p the Cartan decomposition of g. Then we have a decomposition gc = €c +
p.+p_ of the complexification gc of g. The action (K, p_) of K on p_ is multiplicity-
free and the rank of (K, p_) is equal to the real rank of G. We call (K, p_) the action
of Hermitian type. If (K, V') is of Hermitian type, the K-invariant polynomial py(z, Z)
and the binomial coefficient c, , are described with a Jack polynomial and a shifted
Jack polynomial.

Let (K1, V1), (K2, Va) be multiplicity-free actions. We say that (K7, V)) is weakly
equivalent to (K3, Vs) if there exists a linear isomorphism ¢ : V; — V4 such that
O(Ky -v) = Ky - ¢(v) for any v € Vy. If (K4, V1) is weakly equivalent to (K, V3),

K K
then <73(V1) ® P(Vl)> " and PD(V1)Xr are isomorphic to <73(V2) ® P(Vg)) " and
PD(V,y)52 respectively.

For two multiplicity-free actions (K1, V}), (Ko, V2) we see that K; x K5 acts on
Vi @ Va naturally, and the action (K; x Ky, Vi @ V3) is multiplicity-free, too. The
action (K x Ko, Vi @ V5) is called the product of (K7, V1) and (K5, V3). In this case,

(PhewePWMon)  ~(Po)ePi) e (Pi)ePi) .

PD(Vi & Vo)™ = PD(V1)" @ PD(V)".

The action (K,V) is indecomposable if there are no non-trivial actions (Ki,V}),
(Ko, V3) such that (K,V) is the product of them.
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Each indecomposable multiplicity-free action (K, V') of rank one or of rank two
is weakly equivalent to some action (K’ ,p_) of Hermitian type. In this paper, we
treat the following actions.

(1) (T x Sp(n) x SU(2),Mat(2n,2,C)), n >2,

(2) (T? x SU(n),C*®C"), n =2,

(3) (T x SU(2) x SU(n),C%* & Mat(2,n,C)), n =2,

(4) (T? x Sp(n),C*" & C*"), n > 2.

These actions are not weakly equivalent to any action (K,p_) of Hermitian type.

Ezample 1. (K, V) = (T x Sp(n) x SU(2), Mat(2n, 2;C)), n > 2, rank (K, V) = 3.
Fundamental highest weight vectors:

hy = 21,1 hy = 21,1222 — 22,1%1,2

n

hs = E (Zj,122nfj+1,2 - ZQn—j+1,1Zj,2) .
Jj=1

hs is an invariant for Sp(n). Put

91 = Z |Zj,k|2 y Q2= Z |2j128,2 — Zk,12j,2|2, g3 = |ha(2)[%,

i,k <k
D, = E 210z, , Da= E (zj12k2 = 21,1252)(0z,, 0z, — 02, 0z,0),
gk i<k

D3 = h3(z)h3(8) .

Theorem 2 For A = (ly,1s,13) we have

p)\(272) _ = Z (_1)1:—12 ( >qi1+12—2kq§—l2 >

Cx P k — l2
I (I, — I+ 1)zt l
% J l3 ‘ 2—j :
jzh (;—53)(11+12—213+2n—2)ﬂ—13 0
1 [(l1+12)/2] L — I li+la—1 k—1
pa(z,0) = — > (—1)F" (/;_z ) II (D1 —a) [[(D2—bDy + 0 =) x
R 2/ =2k b—ls
-
x Z )= ls( l3) (h—l3+1)= __x
e J—1l3) (li+ 1y —2l3 +2n — 2)7=5
lo—1 j—1
x [[(D2 =Dy + = ¢) [[(Ds — dDy + d&* — (2n. — 1)d),
c=j d=0

l

where a* 1s a falling factorial power.
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Ezample 2. (K,V) = (T* x SU(n),C"®C"), n > 2, rank (K, V) = 3. Fundamen-
tal highest weight vectors:

h1,1 = Z1,1, h1,2 = 21,2, hy = 21,1722 — £2,1%1,2-

Put
n n
_ 2 _ 2 _ 2
qi1 = E |2’j,1 y Q12 = E ’Zj,2 42 = E ‘Zj,lzk,Z_Zk,lzJ%? )
j=1 j=1 i<k
n n
Dl,l - E :Zj,lazj,u D1,2 = E :ZJ}?aZj,z’
j=1 j=1
Dy = (2122 — 21122)(0s,, 05y — 02,02 ).
j<k

Theorem 3 For A\ = (I11,012;02) we have

_ 1 il —lo—3\ (bi+lia—27\ 11—j tio—j
mem) = o (™ s

j j—la ha=j

pA(z,0) = — > (—1)h (ll’l tho—l— j) (5171 +lha— 2j> y

Cx ; J— 1l 51,2 —J
li1—-1 l1,2—1 j—1

X H (D11 — a) H (D12 —0) | | (D2 —¢(D1g+ Di1o) + c? — c),
a=j b=j c=0

where Iy <1 < min{ly 1,010}

Ezample 3. (K,V) = (T? x SU(2) x SU(n), C* & Mat(2, n; C)), n > 2
rank (K, V') = 4. Fundamental highest weight vectors:

Y

hl,O = 21,0, h1,1 = 21,1, h2,0 = 21,0%22,1 — <2,0”1,1, h2,1 = 21,1%2,2 — %2,1%1,2-
Put

G0 = |z10l* + 220/, qi1 = Z ET
gk

n
2 _ 2
q2,0 = E :|21,02’2,j — 220215 Q1= E :|Zl,jz2,k 22,571kl

j=1 i<k
D1 = 2100z 4 + 22,002, Dig=Y 20,
ik
Dy = E (215200 — 22,21k)(0zy; Ozy . — Oy ;0 ),
i<k
Dyy = E (215200 — 22,j21,k) (021 02y, — Ozy ;02 ,).-
i<k
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Theorem 4 For A\ = (l1,1.1,20,l21) we have

p)\<Z,§> = é Z Z(_Djflzo >

v <l1,0 +lhg—loo+ 11 — j) <l1,0 +lig+ o — 2j> y
J—1lap lio—J+k

X (=1t (l“ - 5271) (J - l) (lio+ 11— oo + 1)@><
1 [ —1loq j—k (ly — lpy) =2t

lio—jg+k lia+lo1—j—k j—k k
Xy 1,1 420 42,1

pa(z,0) = éZZ(_l)j—zmx
koo

<l1,0 +lha—1loo+ 121 — j> <51,0 + g+l — 2])
X X

J =l lhio—Jj+k
X Y (—1)t (lz,o - l2,1) (y - l) (lio+ 1l — lg,ol+l 1)@><
1 [ =13, j—k (lg — lpp)=l2t
ho—1 l1,1+12,1—-1
X H (Dl,o - a) H (D1,1 — b)X
a=j—k b=j+k
i~k TN
% Z(—l)s( ) [ (D20 — t(D1g+ Dry) +£* = t)x
5=0 5 ks
k+s—1
X H (Day —cDyq + ¢ —0),
c=0

where lg’l < k < [(lLl + l2,1)/2], max{k:, 1270} < j < min{ll,o + k}, l1,1 + l271 - /{?} and
log <U<min{log,l11 —loo+ 121}

Ezample 4. (K,V) = (T* x Sp(n), C*" & C*"), n > 2, rank(K,V) = 4.
Fundamental highest weight vectors:

h1,1 = 21,1, hl,z = 21,2, hy = 21,1722,2 — 22,171,2,

n

hs = E (Zj,122n—j+1,2 - ZQn—j+1,1Zj,2)~
Jj=1
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Put

2n 2n
Qi1 = Z |Zj,1|27 2 = Z |Zj,2|27
7j=1 7j=1

G2 = Z 2122 — 2nzial’s a3 = |ha(2)P,
i<k

2n 2n
D1,1 = E Zj,laZjJa D1,2 = E Zj,zazj,ga
Jj=1 Jj=1

Dy = Z(’Zj;lzk,? - Zkvlzj72)(azj,lazk,2 - azk,lazj,2)7 D3 = h3(z)h3<a)

j<k

Theorem 5 For A\ = (l11,12;12,l3) we have

-1 flhatlho—l—k
—_ _1 k lQ 171 El
pA(Z’Z) C)\ Z( ) ( k_l2 X

k
x (l“ 7 “2 ; 2k> 0 Ty e x
12 —
X Z<_1)j713 l2 - l3 (ll,l + l1’2 - l2 - l3 + 1)ﬂ ql;i]qé
; j — l3 (l171 + ll’g — 213 + 2n — Q)Q ’
1 (gt lhe—lo—k\ (liq+ 12— 2k
=L ()
Pa(2:9) ckg( ) k=1 ho—k
l11—-1 l12—1 k—1
X H (D171 — CL) H (DLQ — b) H(DQ — C(D171 + Dl,g) + C2 — C) X

a=k b=k c=lo

X Z<_1)j_l3 <lz — ls) (lha+lho—1lo— 13+ 1)zl y
J

j - 13 (l171 + l172 — 2[3 + 2n — 2)@
la—1

X H(D2 — d(Dl,l + D1’2> + d2 — d) X
d=j

j—1

X H(Dg — €<D171 + D1’2> + 62 — (2n — 1)6),

e=0

where lg g k < min{lm, l172}, l3 < l < lQ.
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