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O/IH BAPUAHT IIPUHITUIIA MAKCUMYMA JI5 JIMHEMHBIX
CHUCTEM C IIOCJIEAENICTBUEM

© B.Il. MakcumoB

Karouesnie crosa: muneliHbe QYHKITMOHATBHO-TU(MGEPEHINATBHBIE CHCTEMbI; 33/1a91 yIIPAB-
JIEHUsT; ONITUMAJIHLHOE YIIPABJICHUE.

g waeitHOM (QyHKIMOHAILHO-In(M(MEPEHIHIATBHON CHCTEMBI € TTOCTEICHCTBIEM ODIITEero
BU/Ia, PACCMATPHUBAETCS 33/1a9a ONTUMAJIBHOIO YIIPABIEHUsI ¢ JIMHEHHBIM I1eJIeBbIM (DYHKITU-
onajiom. Ha ocHOBe ucnoJib3oBanust MaTpuiibl Kol BEIBOAUTCS HEOOXOIUMOE U JIOCTATOYHOE
YCJIOBHE ONTUMAJIBHOCTH B (popMe IpUHIUIa MakcuMmyma. JlaHo siBHOE mpejicTaBieHne aHa-
siora dyskun amuibrona—llorTpsruna mjs o0Iero ciydasi, OXBaTBHIBAIOIIETO 339U C
HEJIOKAJHHBIM OIEPATOPOM, PEAJU3YIONIUM YIIPABJISIONINE BO3IEHCTBUS.

3Jiecb MBI cJiejlyeM 0D03HAYEHUSIM U OCHOBHBIM TIOJIOXKEHUSIM T€OPHUH (DyHKITHOHAIBHO- (-
bepeHnuanbHbIX ypaBHEHUII B 4acTu JMHEHHBIX cucreM ¢ mocsezeiicreuem [1-3]. O6oznadnm
yepes L™ = L™[0,T] npocrpancTBo CyMMI/IpyEMI)IX 110 ﬂe6ery Ha KOHeYHOM mpoMexxkyTke [0, 7]
dbyuxuuit z : [0,7] — R™ c nopmoit ||z||;n = fo |z(t)|,, dt, tne |-|, —HOpMa B R"™ (masee, ecn
Pa3sMepHOCTb ITPOCTPAHCTBA OYEBHUIHA, UHIEKC Y HOprI Gyaem omyckarb). O6o3HAYMM Yepe3
AC™ = AC™[0,T] upocTpancTBo abCooTHO HelpepbIBHbIX dyHkimil z : [0; T] — R™ ¢ Hopmoit
lall e = 2(0)] + ] ..

JLst ommcaHus cuCcTeMbl yIIPaBJIeHUsT BBEJEM JIMHEHHBIN ortepaTop L :

(La) (t / K(t, s)i(s)ds — A(0)2(0), t € [0,T]. (1)

Bnech smementsr kij(t,s) sapa K(t,s) msmepumsr mHa MmuoxkectBe {(£,5):0<s<t<T} u
TaKOBBI, YTO Ha 9TOM MHOXKecTBe |ki;(t,s)| < w(t), 4,7 = 1,...,n, rae GyHKuusas K cym-
mupyema Ha [0, T], smementst (n X n)-marpunst A(t) cymmupyemst Ha [0, T]. Oueparop
L: AC™ — L™ orpannden. @ynkimnonaabHo-Tuddepennmantbaas cucrema Ly = f oXBaTbiBaeT
s dbepenIaibable yPABHEHUS ¢ COCPEJIOTOUEHHBIM U /UJIN PACIPE/IEJIEHHBIM 3al1a3/bIBAHIEM U
uaTerpo-auddepeHnuanbabe cucreMbl Bosbreppa (eM., Hanpumep, [4]). B wactaocTH, fU1s1 O1IE-
paropa (Lx)(t) = (t) — fg ds R(t,s)x(s) c pacupe/ieJieHHBIM 3ara3/bIBaHueM, e 6e3 orpaHu-
"YeHust oOmHocTH MOXKHO cantarh R(t,t) =0, umeem K (t,s) = R(t,s), A(t) = R(¢,0).

HpI/I C,Z[e.HaHHbIX [PEJIIOJIOKEHNSIX JIMHEeHHBI oneparop @ : L” — L, (Qz)( ) = z(t)—
— fo s)(s) ds mmeer orpanmdaennbiit obparabiit (Q 71 f)(t) t) + fo s)(s)ds,
rjie R(t, s) pGSOJIbBeHTHoe sipo, coorBercrBytomiee sipy K (¢, s) . ManI/IHa C(t, s) E+
+ ;R(é,s) d¢, tne E — emunnunas (n X n)-Marpuina, HasbiBaercst marpuneii Komm [5, 6].
Ceoiicra Marpunsl Ko, ucnosb3yemble Huzke, HogpobHo uceaenosanbl B [6]. Ormerum 31ech
TOJIBKO J[B& COOTHOIIEHHUsI, CBsi3bIBafoInux Marpuiyy Kormm ¢ supom K (¢, s) :

C(t,s) :/t C(t,T)K(r,8)dr + E, Cj(t,s) = /t Ci(t,7)K(r,s)dr + K(t,s).
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Cucrema yIIpaBJieHU OIIUCBIBACTCA YpPaBHEHUEM

(L) (t) = (Bu)(t) + g(t), t € [0,T7. (2)

Baecy B — smHeliHbLl onepaTop, onpeeseHHblil Ha npocrpancTee Ly = L5[0,T] cymMmMupyeMbix
¢ kBagparom byukuuit u : [0,T] — R’“, HopMa B 9TOM IIPOCTPAHCTBE IMOPOXKJAETCH CTAHIAPT-
HBIM CKAJSPHBIM IPOU3BeAeHueM (U, v fo t)dt (-1 - cUMBOM TPaHCIOHUPOBAHUS).
ITpenmosaraercsi, aro B ,ZLefICTByeT B npOCTpaHCTBo L”, orpanudeH um 006J/I1a1aeT CBOMCTBOM
BosbreppoBocTH: Jyist jiroboro 7 € (0,7) (Bu)(t) = 0 wa [0,7] juist Becex Takux u € L, ato
u(t) =0 ma [0,7]; g € L™. Hauanbnoe cocrosinue cucreMsl (2) 3amano: y(0) = «, mesab yupas-
JICHUsI 33J1a€TCsl C MOMOIIBIO JIMHEeHOro orpanmdeHHoro dynknuonama A : AC™ x Ly — R,
Az,u) =lz+Au, | : AC™ — R, \: Ly — R. Orpanudenus: Ha yupasjeHne (hOpMyInpyOTCs
B BHJIE CHCTEMBI JIMHEHHBIX HepaBeHCTB: Gu(t) < v, t € [0,T], e G — 3amannas (N X r)-
MaTPUIA; IPEoIaraeTcs, 9To MHOXKECTBO perieHnii cucreMbl Gu < 7y (MHOXKECTBO JIOIYCTH-
MBIX 3HAYEHUI yIIPaBJIeHNsI) HEIYCTO U orpanndeHo B R . O603HAYMM 9TO MHOXKECTBO uepe3 V.
Tpebyercst aiitu Takoe yupasienue u : [0,7] — R", upu KOTOPOM COOTBETCTBYIOIAsI TPAEKTO-
pusi cucTeMbl (2) ¢ 3aJaHHBIM HAYAJBHBIM COCTOSTHUEM JOCTABJIsiET IesieBoMy (hyHKImoHATY A
MUHUMAJbHOE 3HadYeHne. TakuM 0Opa3oM, paccMaTpuBaeMasi 3aa9a UMeeT BUT

A(z,u) — min, (Lz)(t) = (Bu)(t) +g(t), t € [0,T], z(0) = o, Gu(t) < v, t €[0,T]. (3)

Hamomunm 06m1/1171 Buj byHKIMOHATa [: lx = ) + fo (s)ds u dynKIHOHATA
At Au = fo u(s)ds. 3aech 1) — MOCTOSTHHBII (1 X n) -BEKTOD, <p(s) — (1 x n)-BekTOp €
OFpaHI/I‘IeHHbIMI/I B cymeCTBeHHOM amementamu, A\“(-) € L.

O6o3znaunm vepes O : [0,7] — (R™)* pelleHre HHTErpajbHOIO ypaBHEHUSI

T T
I(t) = /t W) K(r,t)dr — /t o(t) K(7,t)dr, t € ]0,T]. (4)

OsiHO3HAUHAST PA3PEIUMOCTD ITOrO yPaBHEHUs yCTaHOBJIeHa B |6, cBoiicTBa perienus, ompe/e-
asiemble  cBoficrBamu  siipa K (t,8) Kak (QyHKIUM BTOPOrO apryMeHTa, HUCCJIEJOBAHBI B
[7, c. 52-63|, rae, B yacTHOCTH, C(HOPMYJIUPOBAHBI YCIOBHUSI, DU BBIIOJHEHUN KOTOPBIX (DYHK-
st Y(+) Hacjemyer coorBercrBytonye croiicrsa dyukiuu K (t,:) (orpaHnYeHHOCTb BapuAIiH,
HEIPEPBIBHOCTH, abCOJIIOTHYO HellpepblBHOCTD). Oupeenum orobpaxkenne H : [0, 7] x (L™)*

X (L™)* x R" — R paBeHCTBOM

H(t,y(),2(),u) = By — 2)(t) -u — A(t) - u. ()

Bech 3HAK * MCIIONB3YeTCs It MePeXo/ia K CONPSIZKEHHBIM TPOCTPAHCTBAM M OIIEPATOPAM.
Teopewmal. Ynpasaenue u(t) pewaem 3adauy (3), ecau u Moavko €CAU PABEHCMEO

H(t,9(),¢(),a(t)) = maxH(t,9(),¢(),u)

uey

svinoanaemesa nowmu ecrody na [0,77].
Bawmeuanue. B cayuae, korma marpuna C(t, s) usBecrna, dyukuus ¥(t) Moxker ObITH
3ammcaHa B IBHOM BHJIE:

T
() = /t o(7) CL (. 1) dr

IIpusesem siBHBII Buj oToOpazkenust H JJis HEKOTOPBIX Cilydaes oneparopa B .
Cayuaaitl. (Bu)(t) = B(t)u(t). B srom ciyuae nmeem

H(t,y(),2(-);u) = (y(t) —2(t)) - B(t) -u— A(t) - u
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Baece croabipr (n X r) —ManI/ILtH)I [IPUHA/IIEZKAT IPOCTPAHCTBY LY .
Cuaywaii2 (Bu)(t) = [, B(t,7)u(r)dr. dus sroro ciydas oroGpaxenne H mmeer Buj

T
H(t,y(),2(-),u) = /t (y(s) — 2(s)) - B(s, 1) ds -u — A(t) - u.

Baecs siipo B(t, 7) obecrnedunBaeT HEIPEPBIBHOE JEHCTBIE HHTEIPAILHOIO olleparopa B u3 mpo-
crpancrsa Lh B mpocTpaHcTBo L™ .

B(t)u(t — A), ecu t € [A,T],
0 B OCTAJIBHBIX CIydYasx,
[IOCTOSTHHOE 3ama3piBanue. B Takom ciiydyae orobparkenne H ompejessieTcss paBeHCTBOM

Cnywaait3. (Bu)(t) = e A, 0 < A < T, —

H(t,y(),2(),u) = xo,r-a)(t) (y(t+A) = 2(t+A))- Bt +A) -u — A(t) -,

e X[o,r—a](*) — Xapaxrepuctuieckas dynkmusa orpeska [0, — A].

OTMeTnM, 9TO MOAXO, K BBIBOLY IIPHUHIIAIIA, MAKCUMYMa Ha OCHOBE BapHUaIlHOHHBIX IIPOU3BOJI-
HBbIX, OXBaTbIBaIOLL[I/Iﬁ 1 HeJIMHEHHBbIE CUCTEMbI yiipaBJjieHUdd C HOCJIe,Z[eIU/ICTBI/IeM, CucreMaTrTmn4yeckKmn
uziioxker B [8]. Hamn moxos ocHoBbIBaeTCst Ha ucmosib3oBannu Marpuiibl Ko uHeiiHoi cucre-
MbI 1 IIO3BOJISZIET B CJIydae JIMHEITHOI CUCTEMBI YIiIpaBJieHUs C HOCJIG,Z[QI'?'ICTBI/IGM II0 COCTOAHUIO U 110
YIPaBJIEHUIO (DOPMYJIMPOBATDH IIPUHITUI MAKCUMYMa TOJIbLKO B TepMUHAX yipasjenus. [Ipu sTom
POJIb COTIPSIZKEHHOTO yPaBHEHUs! BBIIOJIHsIET ypaBHeHue (4), hopMa KOTOPOro OKa3bIBAETCs yHIU-
BepcaJbHOI 1 o0IIelt 111 BCeX BUIOB MOCJIEAeHCTBYSI, OXBATBIBAEMBIX ITOCTAHOBKON 381891 (3)
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Maksimov V.P. A VARIANT OF THE MAXIMUM PRINCIPLE FOR LINEAR SYSTEMS WITH
AFTEREFFECT

An optimal control problem is considered for the linear system with time delay of the general form. A
sufficient and necessary condition of optimality is derived using the Cauchy matrix. The representation of
an analog to the Hamilton—Pontryagin function is given as applied to the case of nonlocal control input
operator.
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THE LAPLACE TRANSFORM METHOD IN AN ALGORITHM OF SOLVING
DIFFERENTIAL EQUATIONS WITH DELAYED ARGUMENT

© N.A. Malashonok

Key words: linear differential equations; delayed argument; symbolic-numerical algorithm.
The method is used for linear differential equations with delayed argument. There is
constructed an algorithm, which is symbolic-numerical. The numerical component concerns
a representation of functions, involved into the process by some kind of series.

1. Introduction

There is a class of physical problems, which is associated with action of some kind of
complementary forces - forces which are involved at various not initial time moments. Such
problems frequently lead to the so called differential equations with delayed argument. Different
ways of dealing with such equations exist. See for example [1-4|. We consider linear equations
with constant coefficients and right-hand parts of exponential increase.

Applications of the Laplace transform method are well known. In this article we continue
working-out the application of Laplace transform for solving differential equations (for example
[5-7]).

It permits to reduce an infinitesimal problem to an algebraic one that may be solved symboli-
cally or symbolic-numerically. Moreover, it gives means to estimate an accuracy of calculations.

However there are some facts which prevent using this method in a symbolic way. Some
difficulties, for example, are connected with a form of the solution of the Laplace image of the
input differential equations, i.e. the exponential polynomials, which appears in the solution of
algebraic equation. We suggest the usage of series expansion of some kind for symbolic-numerical
solution with a necessary accuracy. It extends the class of equations to be solved by this method.

We restrict ourselves to the consideration of one equation, but the method works similarly
with systems of equations of such type.

2. A differential equation with delayed argument

We consider all functions, either unknown or standing at the right-hand parts of equations,
on the segment T : 0 <t < 7T . Split T into parts by rational points 0 < t < tpy41 < T,k =
=0,...,N . All functions of the argument ¢ are supposed to satisfy the conditions for existing
of their Laplace transform, i.e. they have an exponential increase.
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