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We discuss the problem of constructing an effective algorithm for computing the inverse
matrix for an integer matrix. One of the way, for obtaining the inverse matrix, is based on
the matrix Smith form. Known probabilistic algorithm can find the Smith form with the
computational bit complexity which has cubic dependence of the matrix sizes. We propose
a deterministic extension of this approach to calculating the inverse matrix.
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Introduction

We discuss the problem of constructing an effective algorithm for the integer matrix inversing.
It is known that the inverse of an integer matrix and other problems of linear algebra over a

commutative domain are performed with the complexity of matrix multiplication. If you solve these
problems in integers using modular arithmetic, the complexity in the bit-operations increased by n
times. Where n - is the size of the matrix [1-5].

In recent years, have been actively develop probabilistic algorithms. The best probabalistic
algorithm for the integer matrix inversing was proposed by Arne Storiohanom [6]. This algorithm has
complexity ñ3(log(||A||+ log||A−1||)) He proposed a probabilistic algorithm that with probability
at least 1/2 computes the inverse matrix for the non-singular integral matrix A size n timesn and
uses

∼ n3(log||A||+ log||A−1||)

bit operations. Here ||A||=maxi,j |Aij | is the biggest coefficient of the matrix A , symbol sim is
a missing factor

a log(n)b(log log(||A||))c,

and the numbers a , b , c – is some positive constants.
The best algorithm, which was known before, has a bit complexity

∼ nw+1log||A||.

Random matrix with a high probability is well-conditioned and has ||A|| ≈ ||A−1|| . However,
it may be that ||A−1|| ≈ n||A|| for ill-conditioned matrix, for example, when det(A) = 1 . Thus,
Storiohana algorithm allows us to calculate the inverse matrix faster for well-conditioned matrix
(∼ n3log||A|| ). And this algorithm does not improve in the case of ill-conditioned matrix
(∼n4log||A|| ).

The central idea of this algorithm is to calculate the Smith form of the initial matrix as a sum
of matrices of rank one.

Let r=rank(A)

snf(A) = S = PAQ = Diag(s1, s2, ..., sr, 0, 0, ..., 0)
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– is the Smith form of matrix A , P and Q – are unimodular matrices and ∀i si|si+1 . Then the
expansion of Smith form can be written as follows

A = (s1)c1r1 + (s2)c2r2 + ...+ (sr)crrr. (1)

here ciri, i=1, 2, .., r is an outer product of the column ci by row ri .
The existence of such an expansion follows directly from the following matrix identity.
Let s1 = gcd(A) , w1 and h1 – is a row and column, satisfying the equation w1Ah1 = s1 and

let r1=w1A/s1 , c1=Ah1/s1 . Then we have the following matrix identity:[
1 w1

−c1 In− c1w1

] [
0 0
0 A

] [
1 −r1
h1 In−h1r1

]
=

[
s1 0
0 A− s1c1r1

]
. (2)

On the left side of equality both factors are the unimodular matrices. Hence the matrix A and
diag(s1, A− s1c1r1) have the same Smith form. And we can easy to find them using this recursive
identity: first, the matrix A, then the matrix A2=A− s1c1r1 , and so on.

As was shown in [1] for r=n the algorithm requires a ∼n3(log||A||) bit operations. We must
each time taking random vector hi , then the vector wi we must find using the extended Euclidean
algorithm, calculating gcd(Aihi) . The equality gcd(Aihi) = gcd(Ai) will be true with very high
probability.

The following is an algorithm for computing the inverse matrix, which has roughly the same
complexity in operations on integer coefficients. Its bit complexity we have to evaluate in the future.

Computation of the inverse matrix

Suppose we have already constructed the decomposition of Smith form of the matrix A and
calculated all the components si, wi, hi, ri, ci ( i=1, 2, .., r ) in decomposition (1).

We will introduce other notations. We further denote by wi, ri, hi, ci matrix of size n×n , all of
whose elements are zero except for one i -th row, which is equal to wi or ri , or one i th column,
which equals hi or ci , respectively. In the new notation Smith decomposition will be recorded in
the same manner as in (1).

T H E O R E M. Let A= (s1)c1r1 + (s2)c2r2 + ...+ (sr)crrr – be Smith decomposition for
matrix A , of size n× n , r= rank(A) , r1 =w1A/s1 , c1 =Ah1/s1 . Let S′i – be n× n matrix,
which is different from zero only one diagonal element in the i th row, which is equal si , and let
Si=S′1+S′2+ ..+S′i ( 1≤ i≤ r ) and S0=0 .

Let Fi= In− ciwi , Gi= In−hiri , Ai=(si)ciri+ ...+(sr)crrr ,

Ui =

[
In wi
−ci Fi

]
and Vi =

[
In −ri
hi Gi

]
(i = 1, .., r.)

Then the following matrix identities hold for any integer k , 1 lek le bfr(A) : k , 1≤ k≤ r(A) :[
In wk
−ck Fk

] [
Sk−1 0
0 Ak

] [
In −rk
hk Gk

]
=

[
Sk 0
0 Ak+1

]
, (3)

UkUk−1 · · ·U1 =

[
Lk Wk

−Ck Fk

]
, V1V2 · · ·Vk =

[
Mk −Rk

Hk Gk

]
, (4)

WrAHr = Sr, (5)

in which the the notation used

Fk = FkFk−1 · · ·F1, Gk = G1G2 · · ·Gk
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Wk =w1 +w2F1 + ..+wkFk−1 , Ck = ck +Fk−1(ck−1 +Fk−2(ck−2 + ..+F1(c1)..) , Hk = h1 +
+ G1h2 + ..+Gk−1hk , Rk = (..(r1)G1 + ..+ rk−2Gk−2) + rk−1)Gk−1 + rk , Lk = In − (w2C1 +
+ w3C2+ ..+wkCk−1) , Mk= In− (R1h2+R2h3+ ..+Rk−1hk)

P R O O F. The identity (2), which is used in the first step of calculating Smith decomposition,
can be written in the form in which it will look for the step i . At the same time, we extend it zero
and unit elements. And besides, we will add a diagonal matrix Si−1 and Si=Si−1+S

′
i to the left

and the right side. Here, obviously, the identity is retained since ciSi−1 =0 . As a result, come to
identity (3). We prove (4) by induction. For k = 1 the assertion is obvious. Suppose it is true for
some k≥ 1 . Let us prove the following equality[

In wk+1

−ck+1 Fk+1

] [
Lk Wk

−Ck Fk

]
=

[
Lk+1 Wk+1

−Ck+1 Fk+1

]
Matrices Lk and Wk differ from the unit and zero matrices, respectively, only in the first k
rows therefore ck+1Lk= ck+1 and ck+1Wk=0 . This implies that: Fk+1=Fk+1Fk, Ck+1= ck+1+
+ Fk+1Ck, Wk+1=Wk+wk+1Fk,Lk+1=Lk−wk+1Ck.

The second of the identities (4) can be proved similarly.
To prove the identity (5) applies to the original matrix A k times the equation (3) and use

(4). A result we get[
Lk Wk

−Ck Fk

] [
0 0
0 Ak

] [
Mk −Rk

Hk Gk

]
=

[
Sk 0
0 Ak+1

]
When k= bfr from this equation, we obtain (5).

T H E O R E M. Let all the conditions of Theorem 1 are satisfied, and rankA=n . Then there
is a factorization for the the inverse matrix:

A−1 = HnS
−1Wn. (6)

Here
Hk = h1 +G1h2 + ..+Gk−1hk, Gk = G1G2 · · ·Gk, Gi = In − hiri, (7)

Wk = w1 + w2F1 + ..+ wkFk−1, Fk = FkFk−1 · · ·F1, Fi = In − ciwi. (8)

The proof is reduced to the inversion of equality (5).
Complexity. Let us find a product

(In − h1r1)(In − h2r2) · · · (In − hn−1rn−1)

G1G2 = (In − h1r1)(In − h2r2) = (In − h1(r1 − µ12r2)− h2r2)

G1G2G3 = (In − h1(r1 − q1r2)− h2r2)(In − h3r3) =

(In − h1(r1 − q1r2)− h2r2)− (h3r3 − h1(r1 − q1r2)h3r3 − h2r2h3r3) =

In − h1(r1 − µ12r2 − (µ13 − µ12µ23)r3)− h2(r2 − µ23r3)− h3r3 =

In − (h1q1q2..qn−1 + h2q2q3..qn−1 − h3q3q4..qn−1...+ hn−1)rn−1

qi = rihi+1

2044



ISSN 1810-0198. Вестник ТГУ, т. 21, вып. 6, 2016

–is the value of the element (i, i + 1) in the matrix (i = 1..n-2) To calculate the matrix Hn need
to calculate each of its columns in accordance with (7). Column number k is equal to

G1G2 · · ·Gk−1hk.

We calculate it from right to left. We calculate the last product:

Gk−1hk = (In − hk−1rk−1)hk = hk − hk−1(rk−1hk)

To do this, the result of the scalar product of vectors (rk−1hk) multiply by a column vector hk−1
and subtract from column hk−1 . In total, we performed 2n multiplications and additions as well.
Continuing to go on like this, we calculate the entire column with the number k using 2(k− 1)n
operations. Since the number of columns is equal to n , it would take n3 of operations for all
calculations.

Similarly we can calculate the matrix Wn .
Thus, if we know Smith decomposition of matrix A then the inverse matrix factorization can

be obtained for n3 of operations over coefficients.
The question of the bit complexity of such an algorithm is still open.
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ИСПОЛЬЗОВАНИЕ ФОРМЫ СМИТА
ДЛЯ ТОЧНОГО МАТРИЧНОГО ОБРАЩЕНИЯ
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Обсуждается проблема построения эффективного алгоритма обращения целочислен-
ной матрицы. Один из способов вычисления обратной матрицы опирается на предва-
рительное вычисление матрицы Смита. Известен вероятностный алгоритм вычисления
матрицы Смита с кубической зависимостью числа бит-операций от размеров матрицы.
Предлагается некоторое детерминистское продолжением этого подхода для вычисления
обратной матрицы.
Ключевые слова: форма Смита; символьные вычисления; обращение матриц
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